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É�ÆkÁ �FÆE�LÂt�t�~Ñ«Ât��É�ÆkÁ �FÆE�LÂt�t�c�)�
X
Î��Í�3Æ<c

p
n
�

1
n

Pn
i=1 Xi � m

�

�! N (0;�)

n �! +1 :

»ª¼@½8¾E¿ÁÀtÂ´Ã<Âc»ªÄÆÅ)Ç�È�É`Ê�ËkËÍÌ*ÎEÎ�Ï Ð�Ñ�ÒEÓ4Ô+Õ�ÒEÖØ×<Ù Ú©Û^Ü£Ý Ú

 Þàß£á£ârã Ürä âkå�æ+ç£áàè ÜrÜeé ã Ý



�����L�� *¡£¢f¢¥¤�¦U¡§ *¢�¨ª©�«�¬�¦+­§ *¢f¢¥¨®�&¨ª­£¢¥¨ª­§¯L¤g *¢ #�1

�©°�%-��°qï�"$#w´pë
��° · � "R?�-�������&'!�-�"@�,=/-�-7!�I

X
]ev:\Xisv:�:ach^[�\ �:[�de}~gEh^aÆ_�| aC]eb/jCdkgE�:�Ca

m
a4is_:a�°EgEde\ gE�:�Ca

�2 ]e\D]kg8_:aC�:]e\XikjcaC]ri¨§

fX(x) =
1

�
p

2�
e� (x�m)2

2�2 ; x 2 R:

[Æ���:[Eika
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aC]eb/�C�Cam�C[��:]rik\Xikv:ach^a��:\X°�a@gEv�_:a�ikaC]ri¶� xK��W
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�µ#���°y±&%p°�� ð�ëì²�±&#y±&%p²�±&%�'�(�ë�ð�ë ±�ë2²�±
YDa~b:h^v:]m]e[�v<°�aC�+iS[��'�C[��:]e\^_:�Cdea~v:�:aR]ritg*ik\^]rik\^u)v:a

T (X)
_ °EgEh^aCv:de]mdejCaCh^h^aC]�ikaCh^h^a8u)v:a~]kg�h^[�\QaC]ri

�C[��:�)v:am]e[�v:]�h�| {+��b/[Eik{:�C]eam�)v:h^h^a
(H0):[Æ���@gEh^�Cv:h^amgEh^[�de]`h gS°EgEh^aCv:d�_:a

T (X)
]ev:dsh�| [�f:]eaCdr°Eg*ik\^[��

X = x:tobs = T (x) 2 R:
`�\D�Ca4ieikac°EgEh^aCv:d

_:a
tobs

ik[�}Sf/aS_ gE�:]cv:�:avöC[��:a8_:a�h�| g��<a�dejCaCh¯u)v:\QaC]rim_:a©g�gE\^f:h^a�b:de[�f gEf:\^h^\Xikj�b/[�v:dÆh g%h^[�\�_:a
T (X)]e[�v:]

(H0);
[����C[��:]e\^_:�Cdea�gEh^[�de]`u)v:a

(H0)
g8b/aCv�_:am�t{ gE�:�CaC]´_�| �4ikdeamdej@gEh^\^]ejCak§S[Æ��h g�dea��ea4ieikaEW�hÆgE�:]

h^a��@gE]��C[��+ikdkgE\^deak]:[�����| g�b gE]�_:acdkgE\^]e[��:]`]e\^µ��:\�¡ �@g*ik\X°�a�_:acdea��ea4ikaCd
(H0) :

[�� h�| gE�C�CaCb<ikaEW
YDa�b:h^v:]`]e[�v<°�aC�+i

T (X)
aC]ris�t{:[�\^]e\^aÆikaCh^h^a´u)v:ak] ]e[�v:]

(H0)
aCh^h^a�gE\Xi`b/aCv _:a��t{ gE�:�CaC]s_:acb:deaC�:_:deac_:aC]

°EgEh^aCv:de]Íikde[�b�µ�dkgE�:_:aC]�_ gE�:]
R:
[Æ� \^_:aC�+ik\�¡ acgEh^[�de]`v:�

c 2 R
ikaChDu)v:ay§

� `�\ tobs > c
] [�� dea��ea4ieika

(H0);� ]e\
tobs � c

] [���gE�C�CaCb<ika
(H0)

) Y7g�dejCµ�\^[�� _:acdea��ea4is_:a
(H0)

aC]ri fx 2 E = T (x) > cg
) `�\ch^a��:\X°�a@gEv °�\^]ej¬_:vúikaC]riKaC]ri

�
]�[�� �t{:[�\^]e\Xi

c 2 R
ikaChcu)v:a

PrH0(T (X) > c) = � ,
1 � PrH0(T (X) > c) = FT (x)

H0(c)
= 1 � �:

) Y7g�b:v:\^]e]kgE�:�Cam_:v ikaC]ri
� = PrH1(rejeter(H0)) = PrH1(T (X) > c)$%!�&'�:(*U�?7! #���#�� é2Æ8�4�ÇÆE���^�4���FÐPÌ ���)�c�£�t�4�

T
��· Ì��ßÀlÆkÁ«ÆkÄ ú �FÁk���t�4�|Ì�� �wÃ@�*�LÂ4�����*�¬�)�t�S�HÈ �5�~Á­É�ÆE�����*�<�¨Î¸n¹¥º Î

�Ø!�"4.~"@?7(�?�-7!�I,=/�
`�[�\Xi�v:���@gEdkgE�4ik�Cdea

X
_ gE�:]�v:�:amb/[�b:v:h g*ik\^[��



��[Æ� °�aCv<isa~} aC�4ikv:aCdsh^aÆikaC]ri¨§

8

<

:

(H0) : Px = P0

vs
(H1) : Px 6= P0

[E»
P0

aC]ri¯v:�:a3b:de[�f gEf:\^h^\Xikj¯]ev:d
(E;TE)

a4i
X

aC]riq_`°EgEh^aCv:de]7_ gE�:]
E:
[Æ��]C| gEb:b:v:\^a�]ev:d�v:��jC�t{ gE�+ik\^h^h^[��

[�f:]eaCdr°�j
Px : X1 = x1; X2 = x2; :::; Xn = xn; i:i:d � Px:

¼ #w²¤ðµ½§(���ëì´p°�%-'�(�ë2´p³L°���'�(�ëw¶�¾©ë2²�±�ð�ë}¿fÀ�%�ÁEÂ
�Ø!�"4.~��ÃX?�-7!6(0�)P��:(5.0�©.0�,=/-��7!KPQ=HP�?�I,�<.0�,=/-


 :
`�[�\Xi



v:�:a8b/[�b:v:h g*ik\^[��6dejCb gEdrik\^a�aC�

r
]e[�v:]pn£b/[�b:v:h g*ik\^[��:]ÆdeaC]eb/aC�4ik\X°�aC]


1;
2;:::;
r;
_ gE�:]c_:aC]

b:de[�b/[�drik\^[��:]
P1;P2;:::;Pr > 0

\^�:�C[��:�)v:aC]`ikaCh^h^aC]Íu)v:a
P1 + P2 + ::: + Pr = 1:

[Æ��°�aCv<isa~} aC�4ikv:aCd�h^a
ikaC]ri¨§

8

<

:

(H0) : (P1;P2;:::;Pr) = (�1;�2;:::;�r)
vs
(H1) : (P1;P2;:::;Pr) 6= (�1;�2;:::;�r);

g@°�aC�
�1 > 0;�2 > 0;:::;�r > 0

_:[��:�:jCaC]�ikaCh^h^aC]`u)v:a
�1 + �2 + ::: + �r = 1:

{�[�]e[��:]
P = (P1;P2;:::;Pr)

t; � = (�1;�2;:::;�r)
t:

{�[�v:d3a~} aC�4ikv:aCdØ�CasikaC]ri�_cf gE]ea´_:aC]3[�f:]eaCdr°Eg*ik\^[��:]
X1 = x1; X2 = x2; :::; Xn = xn

]ev:d
n
\^�:_:\X°�\^_:v:]

b:de\^]QgEv�{ gE]kgEde_8a4i�g@°�aC��deaC}R\^]eaÍ_ gE�:]


]Eb/[�v:d¯�t{ gE�Cv:�o]+[���b/aCv<i�[�f:]eaCdr°�aCd|_Æu)v:aCh^h^aÍ]e[�v:]pn£b/[�b:v:h g*ik\^[��

\^hDgEb:b gEdrik\^aC�+i@W
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[Æ���:[Eikak§
Kj =

�:[�}Sf:deaS_�| \^�:_:\X°�\^_:v:]´_:aSh�| jC�t{ gE�+ik\^h^h^[��6gEb:b gEdrikaC� gE�+ie_

j

] _:[��:� Kj

n

aC]ricv:�:aSaC]rik\�n
}~g*ik\^[���_:a�h gRb:de[�b/[�drik\^[��

Pj: P̂j =
Kj

n
; j = 1;:::;n: P̂ = (P̂1;P̂2;:::;P̂r)

t aC]riÆv:�:aSaC]rik\^}~g*ik\^[�� _:v
°�aC�4ikaCv:d´gEh^j@g*ik[�\^dea

P = (P1;P2;:::;Pr)
t:Y7g�]ritg*ik\^]rik\^u)v:a�_:vªikaC]rimaC]rimh g�_:\^]ritgE�:�Ca�_:v

�2 u)v:\QaC]ri�_:j~¡ �:\^a�aC�+ikdea
P̂
a4i

~�
b gEd�h g�_:\^]ritgE�:�Ca�_:v

�2 :

d�2(P̂;�) =

r
X

j=1

�(P̂j � �j)
2

�j

�

:

��T7�)=H(0��&'!¸#���#�� û���Ì+�m�+· ¿ ÊxÀ �*� ¿Òú �5�
(H0); nd�2(P̂;�)

Loi�!
n�!+1

�2(r � 1)

$%�)F/I,!K�7!��7���+��"@�,=/-
{�[�v:d

n
gE]e]eaPömµ�dkgE�:_o] [�� �t{:aCde�t{:a

c > 0
ikaChDu)v:ak§

� `�\ nd�2(P̂;�) > c
gEh^[�de]Í[���dea��ea4ieika

(H0)� `�\ nd�2(P̂;�) � c
gEh^[�de]`[���gE�C�CaCb<ika

(H0:){�[�v:d�v:���:\X°�a@gEv
�;

[���b:deaC�:_
c = �2(r � 1;1 � �):

¾©ë2²�±�ð�ëÅÄfÀ�#!��%�ïl°6Á^ÆÇ%p´È¿
`�[�\Xi

(x1;x2;:::;xn)
v:��jC�t{ gE�+ik\^h^h^[���\�W \�W _�W�]<u)v�| [���[�de_:[��:�:ac_:aig�gk�C[����Cde[�\^]e]kgE�+ikak§

(x(1) � x(2) � ::: � x(n)):

`�\
X

]ev:\Xi3v:�:ash^[�\ �:[�de}~gEh^a
N(m;�2)

]+[��~aC�~_:jC_:v:\Xi3v:�~jC�t{ gE�+ik\^h^h^[��
(y1;y2;:::;yn)

[�de_:[��:�:j�a­��ikdkgE\Xi
_:a

N(0;1)
g@°�aC�

yi = xi�m
�

:���+º¯-��©.0�,=/- #���#�� �Í��Æ­À�À �4�©�^�R�JÂt��Ák�t��� ��Á­Ä�ÆkÌkå¬�^�t�DÐPÌlÆE� ���©� ÷ �
an(i) = E(X(i))

×��KÉ
X(i)

�t�4����Æ
ii�eme �HÈ �5�~Á­É�ÆE�����*�¬��Áe�)�*� � ÷ ����· Ì�� ÷ Â ¿ ÆE� ���©�©�^�*�ª�)�c�ÇÆE�©�©�^�

n
�«å��FÁ«ÆE�©�Í�)�

N(0;1)
c

X(1) � ::: � X(i�1) � X(i) � X(i+1) � ::: � X(n):YDaC]
an(i)

]e[��+is_:[��:�:jCaC]s_ gE�:]�h g�itgEf:h^a�_:aC]�]e�C[�deaC]CW
YQ| \^_:jCa6_:v�ikaC]ri�_:a�`�{ gEb:\^de[�nÇfú\^hàª¸�C[��:]e\^]rika _¸�C[�}Rb gEdeaCd~_:aCv��¨]ritg*ik\^]rik\^u)v:aC]

T1
a4i

T2
u)v:\^]Ø]e[�v:]

h�| {+��b/[Eik{:�C]ea~_:a~�:[�de}~gEh^\Xikj
N(m;�2)

aC]rik\^}RaC�+imik[�v<ikaC]m_:aCv��
�2 ]7a4i�]e[�v:]�h�| gEhXikaCde� g*ik\X°�ak]DaC]rik\^}RaC�+i_:aC]su)v gE�+ik\XikjC]�_:\�} jCdeaC�+ikaC]CW

`�{ gEb:\^de[8a4i<fú\^hàªR�C[��:]e\^_:�CdeaC�+ish^aC]�]ritg*ik\^]rik\^u)v:aC]�_:a�ikaC]rik]P§
� T1 = (n � 1)S2

� T2 =
P

n
2
i=1 an(i)(x(n�i+1) � x(i))

2[E»�h^aC]
an(i)

]e[��+i�h^aC]Æ]e�C[�deaC]Æ�:[�de}~gEv��L] h^aC]
x(i)

h^aC]Æ[�f:]eaCdr°Eg*ik\^[��:]´[�de_:[��:�:jCaC]�_:a�g�gk�C[��6�Cde[�\^]e]kgE�+ika
a4i

S2 = 1
(n�1)

Pn

i=1(xi � x)2 aC]rish gm°EgEde\ gE�:�CaÆaC}Rb:\^de\^u)v:aÆ_:a�h�| jC�t{ gE�+ik\^h^h^[���W�Y7g�]ritg*ik\^]rik\^u)v:aÆ_:aÆikaC]riaC]ri¨§
SW = T2

T1
:h´aC]m]e\^}Sv:h g*ik\^[��:]Æ[��+im}R[��+ikdej�u)v:a

E(SW )
j4itgE\Xicb:h^v:]cb/a4ik\Xic_ gE�:]ch^a��@gE]m�:[��ª�:[�de}~gEh¯u)v:aRh^a��@gE]

�:[�de}~gEh�a4i
V (SW )

b:h^v:]cµ�dkgE�:_ª_ gE�:]ch^aS�@gE]c�:[��¬�:[�de}~gEh�u)v�| aC�¬�:[�de}~gEh�W�Y7g�dejCµ�\^[����Cde\Xik\^u)v:a�aC]ri¨§
W = fSW < ag ikaCh^h^a�u)v:a

PrH0(w) = �:
YDaS]eaCv:\^h

a
aC]ri�h^v6_ gE�:]Æh g8itgEf:h^a�_:aSh gRh^[�\��:[�de}~gEh^ak]

aaC]ri<g,[��:�4ik\^[�� _:a
n
a4is_:a

�:
� ���
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���AÊ Ë Y�º�Z[1;\[5W\ÍÌÈ5<¹oº�3�T ¼iº�321 � \ÍÌ�` � �D¼i»y¼�TVS�º2»65
`�[�\XiÆv:�:a�b/[�b:v:h g*ik\^[��



� ]e[�\Xi

(E;TE)
v:��aC]eb gE�Ca�}RaC]ev:dkgEf:h^a�� [���]C| \^�+ikjCdeaC]e]ea�_%h gRh^[�\

Px

_�| v:�
�@gEdkgE�4ik�Cdea

X
]ev:d8h^aC]�\^�:_:\X°�\^_:v:]�_:a


:
[Æ� °�aCv<i~_:jC_:v:\^dea _:aC]8\^��g,[�de}~g*ik\^[��:]mb/aCdrik\^�:aC�+ikaC]R]ev:d�v:�

b gEdkgE}R�4ikdea
�
_:ach gSh^[�\

Px

_ gE�:]`ik[�v<ikach gSb/[�b:v:h g*ik\^[���W
Î6²�±&%A"$#y±&%p°�� ë�"Ï��%�ïL%�'�(�ë
[Æ��[�f:]eaCdr°�a3v:��jC�t{ gE�+ik\^h^h^[��c_:aQitgE\^h^h^a

n > 0
\�W \�W _�W@_:a

X
_ gE�:]


: X1 = x1;X2 = x2;:::;Xn = xn:gEv�°�vú_:a6�Ca4i jC�t{ gE�+ik\^h^h^[��o]3[��¨_:j~¡ �:\Xi�v:�:a�gEb:b:h^\^�@g*ik\^[���}RaC]ev:dkgEf:h^a
’ : En �! F

[E»
F

aC]ri
h�| aC�:]eaC}Sf:h^a´_:aC]Ø°EgEh^aCv:de]Øb/[�]e]e\^f:h^a´_:a

�:
{�[�]e[��:]

�̂n = ’(X1;:::;Xn)
h�| aC]rik\^}~g*ik\^[��8_:a

�:
[Æ���@gEh^�Cv:h^a

�̂n = ’(x1;:::;xn)
u)v:ach�| [�� �C[��:]e\^_:�Cdeac�C[�}R}Ra�aC]rik\^}~g*ik\^[��%_:a

�:

BC-/.5!)(5;:� I�I,!K�7!6��=/-Dº�� -���!ª�7!6-��©;/!)� ?
� 2]0;1[

js�ª\^�+ikaCdr°EgEh^h^am_:aS�C[���¡HgE�:�Ca8b/[�v:d´h^aSb gEdkgE}R�4ikdea
� 2 R

aC]ricv:��\^�+ikaCdr°EgEh^h^a
I � (�jx)

_:[��+i�h^aC]
f/[�de�:aC]�]e[��+is�@gEh^�Cv:h^jCaC]�_�b gEdrik\^dÍ_:aC]s[�f:]eaCdr°Eg*ik\^[��:]

x1;:::;xn

a4i`ikaChDu)v:a
Pr(� 2 I(x)) = �:

· � "R�7!�I,�¬&'=dÐ/!�-�-7!6��ÃX?�-¨���:(0� �E.5�)(0!6(0�)!�I
`�[�\Xi�v:���@gEdkgE�4ik�Cdea

X
_ gE�:]



g@�+gE�+i´v:�:ac}R[5��aC�:�:a

m =
R



XdPr

g@�+gE�+is[�f:]eaCdr°�j
X1 = x1;:::;Xn = xn

_�| v:��jC�t{ gE�+ik\^h^h^[��6\�W \�W _�WÑ�Hh g~}R[5��aC�:�:a�aC}Rb:\^de\^u)v:am_:vª�@gEdkgE�4ik�Cdea
X

[�f:]eaCdr°�jCa
]ev:d�h�| jC�t{ gE�+ik\^h^h^[��%aC]ris_:[��:�:jCacb gEd

x = xn = 1
n

Pn

i=1 xi

u)v�| [���b:de[�b/[�]eac�C[�}R}RaÆaC]rik\^}~g*ik\^[��%_:a
m:YQ| aC]rik\^}~g*ikaCv:d

Xn = 1
n

Pn
i=1 Xi = E(X)

aC]riÆ]kgE�:]´f:\ gE\^]�a4i�g,[�drikaC}RaC�+i´�C[��:]e\^]ritgE�+i:�,_�| gEb:de�C]´h g8h^[�\
g,[�drika�_:aC]sµ�dkgE�:_:]��:[�}Sf:deaC]x�Íb/[�v:d`aC]rik\^}RaCd

m:2��ª;:�:(*�,� -���!87
var(Xn) = var(X)

n
�!

n�!+1
0��T7�)=H(0��&'!¸#��^1�� � ¾o¿Ò÷ ��Á ú Ä~��Ât�4� �FÁ«ÆE�D���ÝÄ��©�£�£ 

ûH�
(Xi)i2N�

�t�4�wÌ�� �´�~Ì��©�£�c�FÎ^�FÎ©��Î��)�iÉ�ÆkÁ �FÆ�ÈC�^�t�rÆE� ÷ ÆE�£�*�ÝÁk�t�iÁ ÷ �4�©�^�t�c�)�©ÂËÆkÁ­Á ÷ �©� � ÷ ÅkÁ«Æ�ÈC�^�x×3�)�iÄ~��Ê+�4� � �
m

�4�Í�)�rÉ�ÆkÁ �FÆE�LÂt�
�2 ��ÆE�^��Ák�

Xn � m
�p
n

Loi�!
n�!+1

N (0;1):

YQ| \^�+ikaCdr°EgEh^h^aÆ_:ac�C[���¡HgE�:�Cam_:a
m

_:ac�:\X°�a@gEv
1 � �

aC]ri¨§
I:C:(mjx) = [xn � �p

n
z1� �

2
; xn +

�p
n

z1� �
2
]

[E»
z1� �

2

aC]rish^a
(1 � �

2
)
u)v gE�+ik\^h^a�_:ach gSh^[�\��:[�de}~gEh^a N (0;1)

W
· � "R�7!�I,��;:�:(*�,� -���!6��ÃX?�-¨���:(0� �E.5�)(0!6(0�)!�I
`�[�\Xi

X
v:�ª�@gEdkgE�4ik�Cdea�dejCaChQ_ gE�:]�v:�:a�b/[�b:v:h g*ik\^[��



g@�+gE�+imv:�:a�}R[5��aC�:�:a

m
a4icv:�:aS°EgEde\ gE�:�Ca

�2:³¯�+gE�+i<g�gE\Xi
n
[�f:]eaCdr°Eg*ik\^[��:]Í\�W \�W _�W�_:a

X
]ev:d


 : X1 = x1;:::;Xn = xn:
YQ| aC]rik\^}~g*ikaCv:dÍ]kgE�:]`f:\ gE\^]Ø_:a

h gS°EgEde\ gE�:�CaÆ_:a
�2 aC]ri¨§

� `�\ m
aC]ris�C[��:�)v:ak]

S
2

n = 1
n

Pn
i=1(Xi � m)2 _�| aC]rik\^}~g*ik\^[��

s2
n = 1

n

Pn
i=1(xi � m)2

� `�\ m
aC]ris\^�:�C[��:�)v:ak]

S2
n = 1

n�1

Pn
i=1(Xi � Xn)2 _�| aC]rik\^}~g*ikaCv:d

s2
n = 1

n�1

Pn
i=1(xi � xn)2
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h�| gEb:de�C]Íh gmh^[�\Òg,[�drikas_:aC]Íµ�dkgE�:_:]Ø�:[�}Sf:deaC]P]
S

2

n

a4i
S2

n

]e[��+i�g,[�drikaC}RaC�+iØ�C[��:]e\^]ritgE�+iÍb/[�v:dØaC]rik\^}RaCd
�2:

S2
n = S

2

n � (Xn � m)2 �Fs�aCh g*ik\^[��%aC�+ikdea
S

2

n

a4i
S2

n

�
[Æ�Kg nS2

n

�2 � �2
n�1

� ¥���W
YQ| \^�+ikaCdr°EgEh^h^aÆ_:ac�C[���¡HgE�:�Cac_:a

�2 _:ac�:\X°�a@gEv
1 � �

aC]ris_:[��:�

I:C1��(�2jx) = [
ns2

n

�2
n�1(1 � �

2
)
;

ns2
n

�2
n�1(

�
2
)
]; pour m inconnue:

hÆgE�:]sh^aÆ�@gE]s[E»
m

aC]ris�C[��:�)v:ak]HdeaC}Rb:h gE�CaCd
s2

n

b gEd
s2

n

a4i
�2

n�1

b gEd
�2

n$%!�&'�:(*U�?7!¸#��^1�� é7��Ák�¨ÐPÌ �
�
�t�4�3�©�LÂt�*� �ÒÌ �x× Xn�m

Snp
n�1

� tn�1
���^�*�3�)�iûH�FÌ:�)�4� �� 

Î6²�±&%A"$#y±&%p°��Ò��#qï�"$#�ÓU%A"Ô(�" ð�ë}M�ïL#�%p²�ë�"Õ b´�#���³Lë×Ö�Î6¯ÙØ}Ú
`�[�\XiQv:�8}R[�_:�Ch^aÍv:�:\�n£b gEdkgE}Rj4ikde\^u)v:a

(X;(P�))�2�
_:[�}R\^�:jØb gEdQv:�:a`}RaC]ev:dea

�� ¡ �:\^a`]ev:d (E;TE)g@°�aC�
(f�)�2�

h g�g�gE}R\^h^h^as_:aC]�_:aC�:]e\XikjC]s_:acb:de[�f gEf:\^h^\XikjÆgE]e]e[��C\^jCaC]CW
³¯�+gE�+iÆ[�f:]eaCdr°�j

X = x0
]ev:dsv:�K\^�:_:\X°�\^_:v

!0
_:a



]
f�(x0)

aC]riÆh gS°�dkgE\^]eaC}Sf:h gE�:�Cam_:amh gS°EgEh^aCv:d�_:v
b gEdkgE}R�4ikdea

�:
[Æ�KaC]rik\^}Rach gS°�dkgE\^a�°EgEh^aCv:d�_:a

�
b gEds�CaCh^h^a�u)v:\�}~g��<\^}R\^]eaÆh g�°�dkgE\^]eaC}Sf:h gE�:�Cac]ev:d

�
]

�E| aC]ri�np_�n£_:\^dea�h g©g,[��:�4ik\^[��
f(x0) : � �! R+

x 7�! f�(x0):

[Æ��b:deaC�:_
�̂0 = argmax

�2�
f�(x0)hÆgE�:]sh^aÆ�@gE]s_�| v:�:ac[�f:]eaCdr°Eg*ik\^[�� \�W \�W _�W�§

X1 = x1;:::;Xn = xn;
[���b:deaC�:_

�̂n = argmax
�2�

f�(x) o�u f�(x) =

n
Y

i=1

f�(xi)

= argmax
�

lnf�(x)
�

�2�

; avec lnf�(x) =
n

X

i=1

lnf�(xi) appel�e la log � vraisemblance:

) �Q�
� = �̂n

[���g�§ @
@�

lnf�(x) = 0
_:[��:�caC�

� = �̂n

] Pn

i=1
@
@�

lnf�(xi) = 0:`�v:b:b/[�]e[��:]su)v:amh gS°�dkgE\^a�°EgEh^aCv:d�_:a
�
aC]ri

�0
]Hb gEd�v:��_:j4°�aCh^[�b:b/aC}RaC�+i´h^\^}R\Xikj´�CaC�+ikdej�aC�

� = �0
[��

g�§
n

X

i=1

@

@�
lnf�(xi)j�=�̂n

�
n

X

i=1

@

@�
lnf�(xi)j�=�0 + (�̂n � �0)

n
X

i=1

@2

@�2
lnf�(xi)j�=�n

[Æd Pn
i=1

@
@�

lnf�(xi)j�=�̂n
= 0

]:[��Kg�_:[��:�

�̂n � � � �
1
n

Pn
i=1

@
@�

lnf�(xi)j�=�0

1
n

Pn

i=1
@2

@�2 lnf�(xi)j�=�0

p:s:�!
n�!+1

E�0 [
@

@�lnf�(X)
]

�E�[
@2

@�2 lnf�(X)]
= 0

h´[��:�
�̂n

p:s:�!
n�!+1

�
]3_�| [E»

�̂n

aC]ri%v:�¨aC]rik\^}~g*ikaCv:d:g,[�drikaC}RaC�+i%�C[��:]e\^]ritgE�+i%b/[�v:d~aC]rik\^}RaCd
�:
tØa4i

aC]rik\^}~g*ikaCv:d`aC]ri�ik[�v��e[�v:de]�a~�R�@gE�CaEW
[Æd �E�[

@2

@�2 lnf�(X)] = I1(�)
aC]ri´h�| \^��g,[�de}~g*ik\^[��R_:aru�\^�t{:aCdCW�[Æ� _:jC_:v:\Xi�_:[��:�cu)v:a

p
n(�̂n � �) �!

n�!+1
N (0;

1

I1(�0)
) [4]:

»ª¼@½8¾E¿ÁÀtÂ´Ã<Âc»ªÄÆÅ)Ç�È�É`Ê�ËkËÍÌ*ÎEÎ�Ï Ð�Ñ�ÒEÓ4Ô+Õ�ÒEÖØ×<Ù Ú©Û^Ü£Ý Ú

 Þàß£á£ârã Ürä âkå�æ+ç£áàè ÜrÜeé ã Ý



�����L�� *¡£¢f¢¥¤�¦U¡§ *¢�¨ª©�«�¬�¦+­§ *¢f¢¥¨®�&¨ª­£¢¥¨ª­§¯L¤g *¢ #&9

h�| [E»�h�| \^�+ikaCdr°EgEh^h^a´_:ac�C[���¡HgE�:�Cam_:a
�0

aC]ri¨§
[�̂n �

z1� �
2

q

nIn(�̂0)
;�̂n +

z1� �
2

q

nIn(�̂0)
]

g@°�aC�
In(�0) = n � I1(�0)

a4i
z1� �

2

aC]rish^a
1 � �

2

u)v gE�+ik\^h^a�_:a N (0;1)
W

Î6²�±&%A"$#y±&%p°��ÜÛ�#�íwë2²d%pëJ����ë
��T7�)=H(0��&'!¸#��^>�� �à�)� b ÆkÊ+�t�x×Í��Ì�� ¿Ò÷ ��Á ú Ä~�S��· �©�ÒÉE�~Ák�4���*���)��À�Ák�HÈxÆ�ÈC�©���©� ÷ �£ 
û��*�©�

(
;A)
Ì��'�t��ÀlÆÕÂt��À�Ák�HÈxÆ�ÈC�©���^� ÷ �4�Q�5�*�©�

p
�t�4�|Ì�� �\À�Ák�HÈxÆ�ÈC�©���©� ÷ �~Ì�Á

(
;A)
Î��Í�3Æ<c

8A;B 2 A; tels que P (A) 6= 0 et P (B) 6= 0; alors

P (AjB) =
P (A \ B)

P (B)
=

P (BjA)P (A)

P (BjA) � P (A) + P (BjAc)P (Ac)P (Ac)js��}R[�_:�Ch^aÆf g@��jC]e\^aC�Kb gEdkgE}Rj4ikde\^u)v:a�aC]ris�C[��:]rik\Xikv:jc_:ak§
� Y7g`°�dkgE\^]eaC}Sf:h gE�:�Ca

f(xj�) �,u)v:\)aC]ri�h g�h^[�\�_:a3b:de[�f gEf:\^h^\Xikj¯_:a x
b/[�v:d7v:�:a3°EgEh^aCv:dD_:v�b gEdkgE}R�4ikdea

� 2 �);� h gSh^[�\2_�b:de\^[�de\
�(�)

�,u)v:\DaC]rish g�h^[�\ _:acb:de[�f gEf:\^h^\Xikj´_:a
�
]ev:d

�
� W

�,\Ý��Y7g�h^[�\�_:acb:de[�f gEf:\^h^\Xikjq�e[�\^�+ika�_:a
(�;x)

aC]ris_:[��:�:jCamb gEdP§
’(�;x) = f(xj�) � �(�):�,\^\Ý�%Y7g�h^[�\�}~gEdeµ�\^� gEh^as_:a

x
aC]ri´_:[��:�:jCacb gEdP§
m(x) =

Z

�

’(�;x)d� =

Z

�

f(xj�) � �(�)d�:

�,\^\^\Ý�~Y7g�h^[�\2_�b/[�]rikaCde\^[�de\�_:a
�
]kgE�t{ gE�+i

x
aC]ris_:[��:�:jCamb gEdP§

�(�jx) =
’(x;�)

m(x)

=) �(�jx)
aC]risb:de[�b/[�drik\^[��:�:aCh2_

’(�;x):{�[�v:d`_:j4ikaCde}R\^�:aCdØv:��aC]rik\^}~g*ikaCv:dÍf g@��jC]e\^aC�o]:\^hSg�gEv<i�gE]e]e[��C\^aCd�_Sh g�h^[�\L_Sb/[�]rikaCde\^[�de\/v:�:a�g,[��:�4ik\^[��%_:a
b/aCdrika

L(�;d)
] [E»

�
aC]rish^a�b gEdkgE}R�4ikdea�_�| \^�+ikjCd«�4isa4i

d
aC]rish g�_:jC�C\^]e\^[���W

`�\D[���g
f(xj�); �(�) et L(�;d)

] h�| aC]rik\^}~g*ikaCv:dÍf g@��jC]e\^aC�6gE]e]e[��C\^j�aC]ri¨§
d(x) = argmin

d
E�(L(�;d)jx)

= argmin
d

Z

�

L(�;d) � �(�jx)d�

$%�)F/�,=/-��7!6��=/-Dº�� -���!�9��<Ð/��"@�,!�-�-7!GÝr=/?�(0�)F/�,=/-��7!6��(0�����,9���I��©.5�L°
`�[�\Xi

� 2 R
�<aC��]ritg*ik\^]rik\^u)v:aÆf/j4��jC]e\^aC�:�:ak] v:� \^�+ikaCdr°EgEh^h^as_:a��CdejC_:\^f:\^h^\Xikjs_:aÆ�:\X°�a@gEv

1 � �
¡��<j�aC]ri

v:��\^�+ikaCdr°EgEh^h^a
[b1;b2]

ikaChDu)v:a
Z b2

b1

�(�jx)d� = 1 � � = P (� 2 [b1;b2]jx):

¢£h��6g%v:�:aS\^��¡ �:\Xikj�_�| \^�+ikaCdr°EgEh^h^aC]
[b1;b2]

ikaCh^]´u)v:a
P (� 2 [b1;b2]jx) = 1 � �:

¢£hzg�gEv<i�_:[��:�S�t{:[�\^]e\^d
�CaCh^v:\D_�| gE}Rb:h^\Xikv:_:aÆ}R\^�:\^}~gEh^a��F��{whiùi�s\^µ�{:aC]ri�{�[�]rikaCde\^[�de\�h´aC�:]e\Xi£���CdeaC_:\^f:h^ac]ea4i@W �s� ²K�
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Î6²�±&%A"$#y±&%p°��Ò �°\°y±�²�±�ïL#!�
`�[�\Xi

X
v:���@gEdkgE�4ik�CdeaÆ_ gE�:]`v:�:aÆb/[�b:v:h g*ik\^[��



]l_�°EgEh^aCv:de]Ø_ gE�:]

(E;TE):
[Æ�%°�aCv<i�aC]rik\^}RaCdØv:�:a

�@gEdkgE�4ikjCde\^]rik\^u)v:ac_:ach gSh^[�\ _:a
X
]
� = �(PX)

W
`�v:b:b/[�]e[��:]cg@°�[�\^d´[�f:]eaCdr°�j�v:����n£jC�t{ gE�+ik\^h^h^[��K\�W \�W _�WH_:aSh gRh^[�\�_:a

X
_ gE�:]


 X1 = x1;:::;Xn = xn:[Æ��b/aCv<isaC]rik\^}RaCdÍh g�h^[�\ \^�:�C[��:�)v:a
PX

b gEd`h g�h^[�\ aC}Rb:\^de\^u)v:a�_:ach�| jC�t{ gE�+ik\^h^h^[��o§

P̂x =
1

n

n
X

i=1

�xi
(avec �xi

= indicatrice de xi)

P̂x

aC]riÆh g8b:de[�f gEf:\^h^\XikjÆ_:\^]e�Cde�4ika�_ gE�:]
E

u)v:\��t{ gEdeµ�a�h^aC]sb/[�\^�+ik]
x1;:::;xn

g@°�aC�SjCu)v:\^b:de[�f gEf:\^h^\XikjEW YDa
f/[�[Eik]rikdkgEb \^�+ikaCdr°�\^aC�+i´gEh^[�de]`gEv�}R[�}RaC�+i`[E»��CaC�C\D��| aC]ri´b gE]\g�gE\^]kgEf:h^ai_�h gS}~gE\^��W
­m(0=D������?7(0!K9Q=�= .0"4.5(0�:P
tØ[��:]e\^_:jCde[��:]

�̂ = ’(X) = ’(X1;:::;Xn)
aC]risv:��aC]rik\^}~g*ikaCv:d`�@gEh^�Cv:h gEf:h^a´_:v�b gEdkgE}R�4ikdea

�:� [Æ���t{:[�\^]e\Xi`v:��aC�+ik\^aCd
B
:CgE]e]eaPömµ�dkgE�:_�:*W

� [Æ��]e\^}Sv:h^a
B

��n£jC�t{ gE�+ik\^h^h^[��:]`\�W \�W _�W<]ev:\X°EgE�+i�h g�h^[�\
P̂X

W
� {�[�v:d��t{ gEu)v:am��n£jC�t{ gE�+ik\^h^h^[��:] xj1 ;:::;xjn

; j = 1;:::;B
] [�� �@gEh^�Cv:h^a

�̂j = ’(xj1;:::;xjn
) = ’(xj)

u)v:\DaC]ri´v:�:acdej@gEh^\^]kg*ik\^[��%_:a
�̂
W

� [Æ�8aC]rik\^}Ra �
b gEd

�B = 1
B

PB

j=1 �̂j

a4i�h g´°EgEde\ gE�:�Ca`_:a
�̂
b gEd

var(�̂) = 1
B�1

PB

j=1(�̂j ��B)2:h�| gEb:de�C]sh^aÆik{:jC[�de�C}Ra��CaC�+ikdkgEh7h^\^}R\Xikak§
p

B(�̂n � �B) � N (0;var(�̂)) [4]

Þ °�����µ2ë2²	ð�ë}��#���ë2´
­Æ� -7!�I�"8��=/&'P�I,!+.0"
{�[�v:d�u)v gEh^\�¡ aCdÍh^aC]`f gE]eaC]s_:a�_:[��:�:jCaC]sb/[�v:d`h^aC]eu)v:aCh^h^aC]`�:[�v:]`b/[�]e]ejC_:[��:]s_:ach�| \^��g,[�de}~g*ik\^[��8ikaC}vn

b/[�deaCh^h^ac�C[��:�CaCde� gE�+iÆv:�6aC�:]eaC}Sf:h^a�_�| \^�:_:\X°�\^_:v:]P] [��Kv<ik\^h^\^]each^a�ikaCde}Ram_:[��:�:jCaC]Æb gE�:aCh�WLtØaC]´_:aCde�:\^aCde]
]e[��+i��C[�}Rb/[�]ejC]c_:aR�C[�v:b/aC]cikdkgE�:]r°�aCde]kgEh^aC]�a4im_:aR�C[�v:b/aC]cikaC}Rb/[�deaCh^h^aC]CW�`�\Q�t{ gEu)v:a~\^�:_:\X°�\^_:v�b gEdrik\�n
�C\^b/ai_S�t{ gE�Cv:�:ac_:aC]��C[�v:b/aC]ÍikaC}Rb/[�deaCh^h^aC]Ø_:a�h�| aC�:u)vl�4ikak]:�:[�v:]`b gEdeh^[��:]`gEh^[�de]Ø_�| v:�:acf gE]ea�_:a�b gE�:aCh^]
�C[�}Rb:h^a4ik]P]��E| aC]ri�np_�n£_:\^dea%v:� deaCµ�de[�v:b/aC}RaC�+i8_:a��C[�v:b/aC]SikdkgE�:]r°�aCde]kgEh^aC]8[E»¸ik[�v:]�h^aC]S\^�:_:\X°�\^_:v:]�]e[��+i
[�f:]eaCdr°�jC]b_��t{ gEu)v:amb/jCde\^[�_:aEW
YDaC]sg@°EgE�+itgEµ�aC]s_:ac_:[��:�:jCaC]sb gE�:aChD]eacdejC]ev:}RaC�+is�C[�}R}Ra�]ev:\Xi¨§

V�Ws�N�<b:h^\^u)v:aCdØh^aC]3a~} a4ik]Ø_<��� gE}R\^u)v:aC]ØaC�+ikdea´h^aC]ÍgEµ�aC�+ik]P]�b gEd3a­�<aC}Rb:h^ak]�b/[�v:d3}RaC]ev:deaCdØh^a�itgEv��R_:a
}R[�def:\^_:\Xikj`h^\^jCasgEv%b gEh^v:_:\^]e}Ra�h^aC]3�C[�v:b/aC]3ikdkgE�:]r°�aCde]kgEh^aC]Íb/aCv<°�aC�+i`aC]rik\^}RaCd3h gcb:de[�b/[�drik\^[��R_:aC]
b gEh^v:_:jCaC�:]e_%v:�:a�b/jCde\^[�_:a�_:[��:�:jCa�_:a�h�| gE�:�:jCaEW�YDaC]�_:[��:�:jCaC]cb gE�:aCh^]Æb/aCde}Ra4ieikaC�+ic_:aS]ev:\X°�dea
h�| j4°�[�h^v<ik\^[���_:ach gS]e\Xikv g*ik\^[���_ gE�:]�h^aÆikaC}Rb:]CW

n�W�¢£_:aC�+ik\�¡ aCd¯a4iQ}RaC]ev:deaCd¯h^aC]�a~} a4ik]Q_<��� gE}R\^u)v:aC]�u)v:a`h^aC]�_:[��:�:jCaC]¯ikdkgE�:]r°�aCde]kgEh^aC]Q�:aÍb/aCv<°�aC�+i�b gE]
_:j4ikaC�4ikaCd��:b gEdØa­�<aC}Rb:h^ak]<]e\ [��~°�aCv<i�]kg@°�[�\^dÍ]e\ h^a´}~gEde\ gEµ�a��,{:[�}R}Ra­nÇg,aC}R}RaJ�¯b/aCv<i�gEv:µ�}RaC�+ikaCd
[�v6_:\^}R\^�)v:aCd�h^a�]kgEh gE\^deac_�| v:�6ikdkg@°EgE\^h^h^aCv:dP] gEh^[�de]s\^h2g�gEv<iÆ[�f:]eaCdr°�aCdÆh^a�]kgEh gE\^deac_:aC]´ikdkg@°EgE\^h^h^aCv:de]
g@°EgE�+isa4i´gEb:de�C]�h^a�}~gEde\ gEµ�ak]��Cacu)v:\7�:jC�CaC]e]e\Xikamh�| v<ik\^h^\^]kg*ik\^[��R_:aC]s_:[��:�:jCaC]�b gE�:aCh^]CW�� ���
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h�| aC�+ikdeaCb:de\^]eaEW�� ®K�
Âfú�Âfú�Â !<"Ï��(<±&#y±&%p°�� ð�ë2²¤ð�°�����µ2ë2²G"$#���'�(�#��|±�ë2²
js�:a´ikaC�t{:�:\^u)v:aÆjCµ+gEh^aC}RaC�+iØdejCb gE�:_:v:aÆb/[�v:dØµ�jCdeaCdØh gm�:[��%dejCb/[��:]eaÆb gEdrik\^aCh^h^a`aC]ri`_�| \^}Rb:v<ikaCd3v:�:a

°EgEh^aCv:d�_'�t{ gEu)v:a6°EgEh^aCv:d~}~gE�:u)v gE�+ikaEWf,Æv:aCh^u)v:aC]�b:de\^�:�C\^b/aC]~_:[�\X°�aC�+i��CaCb/aC�:_ gE�+i6�4ikdea6deaC]eb/aC�4ikjC]CW
�,�~gàW`YD\Xieikh^aKa4i>`��t{:aC�lªEaCd¬VJ®H®+�H� W�{QdeaC}R\^�CdeaC}RaC�+i h^aC]%\^}Rb:v<itg*ik\^[��:]~_:a4°�dkgE\^aC�+iD�4ikdea�f gE]ejCaC] ]ev:d h g
_:\^]rikde\^f:v<ik\^[���b:dejC_:\^�4ik\X°�aC]�_:aC]`°EgEh^aCv:de]�}~gE�:u)v gE�+ikaC]�j4itgE�+is_:[��:�:jCaC]sh^aC]Í°EgEh^aCv:de]�[�f:]eaCdr°�jCaC]CW
js�¸_:aCv��<\^�C}Ra~b:de\^�:�C\^b/aR\^}Rb/[�dritgE�+ic_:a%h�| \^}Rb:v<itg*ik\^[���aC]riS_�| v<ik\^h^\^]eaCdc_:aC]�ik\^dkgEµ�aC]mgEh^j@g*ik[�\^deaC]ma4i

�:[���b gE]Íh^aC]Íb:dej4°�\^]e\^[��:]Øh^aC]Í}RaC\^h^h^aCv:deaC]P])�CaCh gSg�¡ ��_:aÆb:dejC]eaCdr°�aCd�h gm_:\^]rikde\^f:v<ik\^[��~_:aC]Í°EgEde\ gEf:h^aC]3_ gE�:]
"�#%$'&)(+*%,
- .�/�.�&10�&�23,
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h g�f gE]eac�C[�}Rb:h^j4ikjCa�_:aC]�_:[��:�:jCaC]CW
YDaC]Æb:de[��CjC_:v:deaC]�_�| \^}Rb:v<itg*ik\^[�� b/aCv<°�aC�+ie�4ikdea�f gE]ejCaC]�]ev:dÆ_:aC]´}R[�_:�Ch^aC]´u)v:\�b/aCv<°�aC�+ie�4ikdeaR:4a­�Õn

b:h^\^�C\XikaC]^:�]J:4\^}Rb:h^\^�C\XikaC]^:�[�v v:�:am�C[�}Sf:\^� gE\^]e[���_:aC]�_:aCv�� W
YDaC]Æ}R[�_:�Ch^aC]�a­�<b:h^\^�C\XikaC]s]e[��+iÆ\^]e]ev:]´aC�6µ�jC�:jCdkgEh7_:a�h g�ik{:jC[�de\^am]ritg*ik\^]rik\^u)v:ak§HdejCµ�deaC]e]e\^[��6h^\^�:j@gE\^deak]

}R[�_:�Ch^aÆh^\^�:j@gE\^deaÆµ�jC�:jCdkgEh^\^]ejk]:b:dejC_:\^�4ik\^[���b gEd�v:�:ac]ejCde\^aÆikaC}Rb/[�deaCh^h^ak]XWXWXW
YDaC]´}R[�_:�Ch^aC]s\^}Rb:h^\^�C\XikaC]Í]e[��+iÆ�CaCv��6u)v�| [��Kikde[�v<°�a�_ gE�:]´h^aC]sb:de[��CjC_:v:deaC]Æb/aCde}Ra4ieitgE�+i´_:amdejCµ�h^aCd

b:dkg*ik\^u)v:aC}RaC�+iÍ_:aC]`b:de[�f:h^�C}RaC]3_:aÆ]rikdev:�4ikv:deaC]`_:aÆ_:[��:�:jCaC]CW:¢£h^]Ø]e[��+i`]e[�v<°�aC�+i�_:asi£��b/a��:[��%b gEdkgE}Rj­n
ikde\^u)v:aEWH�N�<aC}Rb:h^a�h^aC]�b:de[��CjC_:v:deaC]µ:4{:[Ei�n£_:aC�xªø:�u)v:\DdeaCb/[�]eac]ev:d�v:�:ac}R[�_:jCh^\^]kg*ik\^[��%\^}Rb:h^\^�C\XikaEW
js�:a¬gEv<ikdea6_:\^]rik\^�:�4ik\^[���]ev:b:b:h^jC}RaC�+itgE\^deak§Øh^aC]�}R[�_:�Ch^aC]~]ev:d h^aC]eu)v:aCh^]�deaCb/[�]eaC�+i h^aC]�}Rj4ik{:[�_:aC]

_�| \^}Rb:v<itg*ik\^[�� u)v�| \^h^]�]e[�\^aC�+iÆ\^}Rb:h^\^�C\XikaC]Í[�vKa­�<b:h^\^�C\XikaC]P] b/aCv<°�aC�+i�aC�6[�v<ikdear�4ikdea��Ch gE]e]ejC]´aC�6}R[�_:�Ch^aC]
:4\^��g,[�de}~g*ik\�g,]^:�[�vO:4�:[�� \^��g,[�de}~g*ik\�g,]^:��,\^µ��:[�dkgEf:h^aÆ[�d`�:[���n£\^µ��:[�dkgEf:h^a´}R[�_:aChÝ� W
[Æ�G_:\^dkg�u)v�| v:�G}R[�_:�Ch^a�aC]riR�:[��G\^��g,[�de}~g*ik\�gr�,\^µ��:[�dkgEf:h^a%}R[�_:aChÝ�m]e\`h gK°EgEh^aCv:dHG

v

_�| v:�G�:[���n
dejCb/[��:_ gE�+isaC]ris]eaCv:h^aC}RaC�+is]rik[��t{ gE]rik\^u)v:aC}RaC�+i´_:\�} jCdeaC�+i�_:ac�CaCh^h^a�_�| v:��dejCb/[��:_ gE�+isu)v:\7g�h^aC]�}��C}Ra
°EgEh^aCv:de]

X1
WXWXW

Xv�1
W�js�¨}R[�_:�Ch^a aC]ri�_:\Xi~b gEd~�C[��+ikdea6\^��g,[�de}~g*ik\�gv�,�:[���n£\^µ��:[�dkgEf:h^a }R[�_:aChÝ�S]e\´[��

gE_:}Ra4i�u)v:a�}��C}Ra~]e\Ív:�§dejCb/[��:_ gE�+i�a4i8v:� �:[���n£dejCb/[��:_ gE�+i�]e[��+i8\^_:aC�+ik\^u)v:aC]�b gEdSdkgEb:b/[�driv_
X1WXWXW

Xv�1
] h^aCv:de]`°EgEh^aCv:de]

Xv

_:\�} �CdeaC�+is]r��]rikjC}~g*ik\^u)v:aC}RaC�+i@W
³´v<itgE�+i h^aC]�}R[�_:�Ch^aC]~\^��g,[�de}~g*ik\�g,]Ru)v:a��:[���n£\^��g,[�de}~g*ik\�g,]8b/aCv<°�aC�+i8�4ikdea�v<ik\^h^\^]ejC]~�C[�}R}RaKf gE]ea

_�| v:�:aSb:de[��CjC_:v:dea�_�| \^}Rb:v<itg*ik\^[���W ¢£h2g�gEv<iÆ�CaCb/aC�:_ gE�+i�]e\^µ�� gEh^aCd�u)v�| \^h7��| a­�<\^]rikaSb gE]´b/[�v:dsv:�6}R[�_:�Ch^a
\^��g,[�de}~g*ik\�g<_�| j4°�\^_:aC�:�CaC]�_:\^deaC�4ikaC]¯_ gE�:]¯h^aC]�_:[��:�:jCaC]Qb/[�v:d��CaCdrik\�¡ aCd¯h g�°EgEh^\^_:\Xikj�_:aC]Q{+��b/[Eik{:�C]eaC]Q]e[�v:]pn
�kgE�CaC�+ikaC]CW<¢£hHaC]riÍ_:[��:�´�C[��:]eaC\^h^h^j�_:as�C[��:]e\^_:jCdeaCdØb:h^v:]e\^aCv:de]3}R[�_:�Ch^aC]3\^��g,[�de}~g*ik\�g,]¯a4iØ_�| aC�%\^�:]eb/aC�4ikaCdØh g
]eaC�:]e\^f:\^h^\XikjEW
2�!�"�.5!��*T�-���U�?7!�"8��ÃX��&'P�?D.5�<.0�,=/-

YQ| g@°EgE�+itgEµ�a%_:a%h�| \^}Rb:v<itg*ik\^[��¬aC]ri�uH| aCh^h^a~b/aCde}Ra4iS_:a��CdejCaCdS_:aC]�f gE]eaC]�_:a%_:[��:�:jCaC]��C[�}Rb:h^�4ikaC]CW
tØaCb/aC�:_ gE�+im�CaCh g%��| aC]ricb gE]Æ]kgE�:]c�C[��:]ejCu)v:aC�:�CaC]m_ gE�:]�h^aS�@gEh^�Cv:h�_:aS�CaCdritgE\^�:]�aC]rik\^}~g*ikaCv:de]P] aC��b gEdpn
ik\^�Cv:h^\^aCdc_:a%h g °EgEde\ gE�:�CaEWytØ{ gEu)v:a~ikaC�t{:�:\^u)v:a�_�| \^}Rb:v<itg*ik\^[��ª�C[��:_:v:\Xiv_Kv:�:aßg,[�de}Sv:h^aR_:aR°EgEde\ gE�:�Ca
gE\^�:]e\�u)v�| _8v:��aC]rik\^}~g*ikaCv:d`_:a�°EgEde\ gE�:�Ca�b gEdrik\^�Cv:h^\^�CdeaEW
[Æ��_:\^]rik\^�:µ�v:a�h^aC]`µ�de[�v:b/aC]�_:ac}Rj4ik{:[�_:aC]�]ev:\X°EgE�+ikaC]P§

nÆYDaC]c}Rj4ik{:[�_:aC]m_:jC_:v:�4ik\X°�aC]P§7h g%°EgEh^aCv:dc}~gE�:u)v gE�+ika8aC]ri�_:jC_:v:\Xika8_:aC]mdejCb/[��:]eaC]m_:aC]�gEv<ikdeaC]mu)v:aC]pn
ik\^[��:]CW
n3YDaC]`}Rj4ik{:[�_:aC]Í_:aÆi£��b/a;:4�C[�h^_�n£_:aC�xªø:�§<aCh^h^aC]Øv<ik\^h^\^]eaC�+iÍh�| \^��g,[�de}~g*ik\^[��8[�f<ikaC�)v:ae_Sb gEdrik\^dØ_:aC]`dejCb/[���n
_ gE�+ik]�_�| v:�:a�gEv<ikdeacaC�:u)vl�4ikaEW
nØYDaC]�}Rj4ik{:[�_:aC]�v<ik\^h^\^]kgE�+i`h gSb:dej4°�\^]e\^[�� b gEd`v:��}R[�_:�Ch^a�_:acdejCµ�deaC]e]e\^[���W
n~YDaC]�}Rj4ik{:[�_:aC] _:a6i£��b/aä:4{:[Ei�n£_:aC�xªø:�§`aCh^h^aC]%_:[��:�:aC�+i�b/[�v:d�v:�:a�°EgEh^aCv:d%}~gE�:u)v gE�+ikaªh g¬°EgEh^aCv:d
[�f:]eaCdr°�jCa�_�| v:��\^�:_:\X°�\^_:v�dejCb/[��:_ gE�+i��^ùÆh^a�_:[��:�:aCv:dx�Í�t{:[�\^]e\D]eaCh^[�� v:�:amb:de[��CjC_:v:deamgE_:jCu)v g*ikaEW��ÁV5�K�
Âfú�ÂfúJI �©ë2²G"¦µL±&À�°\ð�ë2²	ðµ½§%A"Ï��(<±&#y±&%p°��
� 2�!6(0!�&'P�I,� ��!�&'!�-/.8P��:(�I,�¬&'=dÐ/!�-�-7!
nØYDa�deaC}Rb:h gE�CaC}RaC�+i`b gEd`h gS}R[5��aC�:�:ac_:v ]ev��ea4i�b:de[�b/[�]eac_:a�deaC}Rb:h gE�CaCdÍh gS[�v h^aC]Ø°EgEh^aCv:de]`}~gE��n

u)v gE�+ikaC]m]ev:d�v:�:a�[�vªb:h^v:]e\^aCv:de]Æ°EgEde\ gEf:h^aC]´b/[�v:dÆv:�¬\^�:_:\X°�\^_:v _%b gEdrik\^dÆ_:a�h g%}R[5��aC�:�:a�_:aC]mgEv<ikdeaC]
°EgEde\ gEf:h^aC]ÍdejCb/[��:_:v:aC]sb gEd��Ca4is\^�:_:\X°�\^_:v
nsYDaSdeaC}Rb:h gE�CaC}RaC�+i�b gEdÆh g~}R[5��aC�:�:a�_:a�h gR°EgEde\ gEf:h^a�u)v gE�+ir_%h^v:\^]H]ev:µ�µ��Cdea�_:a�deaC}Rb:h gE�CaCd´h^aC]´°Eg�n
h^aCv:de]Í}~gE�:u)v gE�+ikaC]`]ev:d`v:�:aÆ°EgEde\ gEf:h^a�_Sb gEdrik\^dØ_:a�h g�}R[5��aC�:�:a�_:aC]�dejCb/[��:]eaC]`[�f:]eaCdr°�jCaC]sb/[�v:dÍ�Ca4ieika
°EgEde\ gEf:h^aEWqtØaCb/aC�:_ gE�+iRh^aC]�_:aCv��G}Rj4ik{:[�_:aC]�_:a deaC}Rb:h gE�CaC}RaC�+i�b gEd�h g6}R[5��aC�:�:a _:vG]ev��ea4iRa4i8b gEd
h g%}R[5��aC�:�:a8_:a�h g~°EgEde\ gEf:h^a�b:de[�_:v:\^]eaC�+ic_:aC]cf:\ gE\^]Æ]eaC}Sf:h gEf:h^aC]CWø�FhÆg@°��:a4�3d�\^�:µ�aC�§VJ®H®Ea�� WDyKgE\^]�h g
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}Rj4ik{:[�_:aR_:v¸deaC}Rb:h gE�CaC}RaC�+i�b gEdmh g }R[5��aC�:�:a%_:v']ev��ea4i�aC]riSb:h^v:]mb:de[�}Ra4ieikaCv:]ea~�@gEdmaCh^h^aRaC]riSb:h^v:]
a~�R�@gE�Ca8_ gE�:]�h^a��@gE]�[E»�h^aC]�_:[��:�:jCaC]c]e[��+iraÆy�³b� u)v:a�h g%}Rj4ik{:[�_:a��N�<b/aC�4itg*ik\^[���nryKg��<\^}R\àö@g*ik\^[��
���3y>�Íu)v:\DaC]riÆgEv:]e]e\Db:h^v:]�a~�R�@gE�Cam]e\Dh^aC]`_:[��:�:jC]s]e[��+iÆy>tØ³b��[�v6y�³b�mW�� aK�
· =/-�"C��U�?7!�-���!ª�7!6I,�¬&'�+.0T7=D�7!��7!K(0!�&'P�I,� ��!�&'!�-/.8P��:(�I,�¬&'=dÐ/!�-�-7!
n�h´j~g,[�de}~g*ik\^[���_:ach g�_:\^]rikde\^f:v<ik\^[��%}~gEdeµ�\^� gEh^a

n�h´j~g,[�de}~g*ik\^[���_:aC]`°EgEde\ gE�:�CaC]�a4is_:aC]��C[�dedejCh g*ik\^[��:]`g@°�aC�m_�| gEv<ikdeaC]�°EgEde\ gEf:h^aC]CW

� ß��+.0T7=D�7!�"~��ÃX?D.0��I���"C�<.0�,=/-§��ÃX?�-¨&'=D�7��I,!6�7!6(0�)FH(0!�"@"@�,=/-
tØa4ieikas}Rj4ik{:[�_:a`�C[��:]e\^]rika�_�deaC}Rb:h gE�CaCdQh^aC]¯°EgEh^aCv:de]Q}~gE�:u)v gE�+ikaC]�_�| v:�:a�°EgEde\ gEf:h^aØb gEd�h^aC]¯°EgEh^aCv:de]

b:dejC_:\XikaC]�_mh�| gE\^_:a�_�| v:�:aÆjCu)v g*ik\^[��~_:a´dejCµ�deaC]e]e\^[��%u)v:\/\^�:�Ch^v<i3h^aC]ØgEv<ikdeaC]Ø°EgEde\ gEf:h^aC]��C[�}R}Ra`°EgEde\ gEf:h^aC]
b:dejC_:\^�@g*ikde\^�CaC]CW
tØ[�}R}Ra�}R[�_:�Ch^aÆ_:acdejCµ�deaC]e]e\^[��o] [���b/aCv<is�C\XikaCdP§
n 2�!�&'=D�7��I,!6�7!K(0�)FH(0!�"@"@�,=/-�"@��&'P�I,!
¢£hDaC]ri´_:ach g�g,[�de}Ra�]ev:\X°EgE�+ikak§

yi = a0 + a1xi + "i

b/[�v:d
i = 1;:::;n

g@°�aC�
yi =

°EgEde\ gEf:h^ai_�a­�<b:h^\^u)v:aCd�[�vD_�b:dejC_:\^dear_�h gS\^�C}Ra�[�f:]eaCdr°Eg*ik\^[��
xi =

°EgEde\ gEf:h^aÆa­�<b:h^\^�@g*ik\X°�ai_8h gS\^�C}Ra�[�f:]eaCdr°Eg*ik\^[��
"i =

aCdedeaCv:d�_:am]eb/jC�C\�¡ �@g*ik\^[��1�,jCµ+gEh^ae_�h g�_:\�} jCdeaC�:�CamaC�+ikdeach^ac}R[�_:�Ch^a´°�dkgE\Da4ish^ac}R[�_:�Ch^aÆ]eb/jC�C\�¡ jJ�­]
�Ca4ieikamaCdedeaCv:d�aC]ris\^�:�C[��:�)v:aca4isdeaC]rikaCdkg8\^�:�C[��:�)v:aEW
n =

�:[�}Sf:deac_�| [�f:]eaCdr°Eg*ik\^[��:]CW
a0

a4i
a1

]e[��+i3h^aC]Q�C[�a~�R�C\^aC�+ik]�_:vR}R[�_:�Ch^aÍu)v:\ b/aCv<°�aC�+i��4ikdea�aC]rik\^}RaCd¯b gEdQh gÆ}Rj4ik{:[�_:a`_:aC]3}R[�\^�:_:deaC]
�@gEdedejC]�[�de_:\^� gE\^deaC]r��y>t\[e�àu)v:\D_:[��:�:a

â1 = Cov(X;Y )
V ar(X)

a4i
â0 = �Y � â1

�X
W

Y7g8]e\^µ��:\�¡ �@g*ik\X°�\Xikj´_:ac�CaC]�°EgEde\ gEf:h^aC]Íb/aCv<i��4ikdea�ikaC]rikjCamb gEd`h^aÆikaC]ris_:ac]rikv:_:aC�+i@W��ÁV0n��
n 2�!�&'=D�7��I,!6�7!6(0�)FH(0!�"@"@�,=/-�&ª?�I©.0�,P�I,!
³´v'h^\^aCv�_�| g@°�[�\^dcv:�¬]eaCv:h�dejCµ�deaC]e]eaCv:dm�C[�}R}Ra�b:dejC�CjC_:aC}R}RaC�+i¨]7[��'g

p
u)v:\�]e[��+i

X1;:::;Xp

W7YDa
}R[�_:�Ch^aÆaC]ri´_:[��:�k§

yi = a0 + a1x1i + a2x2i + ::: + apxpi + ai i = 1;2;:::;n:

YQ| aC]rik\^}~g*ik\^[��8_:aC]Ø�C[�a~�R�C\^aC�+ik]
a0;a1;:::;ap

]ea�g�gE\Xi�b gEd3h gc}Rj4ik{:[�_:a�_:aC]Ø}R[�\^�:_:deaC]3�@gEdedejC]3[�de_:\^� gE\^deaEW
`�\D�:[�v:]�b/[�]e[��:]

a = (a0;a1;:::;ap)
t ] Y = (y1;y2;:::;yn)t a4i

X =

0

B

B

B

B

B

B

@

1 x11 : : : xp1

1 x21 : : : xp2

: : : : : :
: : : : : :
: : : : : :
1 x1n : : : xpn

1

C

C

C

C

C

C

A

:
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1 + 


M

��1 W��ÁV�V��
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· !�I�I�?�I,!�"���ÃÁ�gý@?�"4.5!�&'!�-/.
Y7gKb:de[��CjC_:v:dea%_�| \^}Rb:v<itg*ik\^[��ª³bZ�Z±g�b/[�v:d�b:de\^�:�C\^b/aR_�| g*ieikde\^f:v:aCd�_�v:�:a%_:[��:�:jCa~}~gE�:u)v gE�+ika
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(Y

(1)
mis;�

(1)); (Y
(2)
mis;�

(2));:::;
u)v:\)�C[��+°�aCdeµ�a
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Â4���4��û Ï û1ÉE�~Ák�4���*� � ÎÝÔ�:4\^}Rb:v<ikam}R[��:[Eik[��:a<:?ÐPÌ��2À �~Á­Ä~�4����· �HÈC�£�4� �ÝÁm��Æ~�4�FÁ­ÌÒÂ4�FÌ�Ák�vÄ~�*� �*�£�*� �8�4���)�
À ��Ì�ÉE�*�ÝÁ�ÀlÆkÁ���Æ8�~Ì��©�£�©Æ­À�À/���FÐPÌ �~Á��^�t�eÄ ÷ � ¿ �@�)�t��À�Á ÷ Â ÷ �)�4� �£�t�¨Î ¸��Aº
¼ °���³L´�(�²d%p°��
ZØ\^aC�~u)v:ash�| \^}Rb:v<itg*ik\^[��S_:aC]3_:[��:�:jCaC]Ø}~gE�:u)v gE�+ikaC]3_ gE�:]3v:�:asf gE]eas_:as_:[��:�:jCaC]Øb/aCde}Ra4i3_:asb:dej­n

]eaCdr°�aCd�h g�itgE\^h^h^a�_:a`h�| jC�t{ gE�+ik\^h^h^[��m_�| v:�8b:h gE�S_:aÍ]e[��:_ gEµ�aÍf:\^aC��_:j~¡ �:\^]E_:aÍµ+gEde_:aCd�ik[�v<ikaÍh�| \^��g,[�de}~g*ik\^[��
]ev:dØh^aC]3_:[��:�:jCaC]P]<_�| a~} aC�4ikv:aCdÍ_:aC]`gE� gEhX��]eaC]Øa4iØv<ik\^h^\^]eaCd�_:aC]Øh^[�µ�\^�C\^aCh^]Q�:jC�CaC]e]e\XitgE�+i`_:aC]Ø_:[��:�:jCaC]Í�C[�}vn
b:h^�4ikaC]P]�a4ik�EWXWXW�]<gEv:�Cv:�:a´}Rj4ik{:[�_:as_�| \^}Rb:v<itg*ik\^[��8�:a´b/aCv<i��4ikdea´gEv:]e]e\ a~�R�@gE�Ca´u)v:a´h^aC]ÍgE� gEhX��]eaC]wg�gE\XikaC]
]ev:dØ_:aC]�°EgEh^aCv:de]3dejCaCh^h^aC}RaC�+i3[�f:]eaCdr°�jCaC]CW:³´\^�:]e\^]�h^aC]3aC�:u)vl�4ikaCv:de]Í_:[�\X°�aC�+iÍv:]eaCd3_:asik[�v<ikaC]3h^aCv:de]wg,[�de�CaC]
h^[�de]Ø_:a�h g��C[�h^h^aC�4ika´_:aC]`_:[��:�:jCaC]`b/[�v:dÍdeaC�Cv:aC\^h^h^\^d3h^a´b:h^v:]Í_�| \^��g,[�de}~g*ik\^[��:]�b/[�]e]e\^f:h^aC]`g�¡ ��_:a�dejC_:v:\^dea
gEv�}~g��<\^}Sv:} h gSu)v gE�+ik\Xikjc_:aC]�_:[��:�:jCaC]s}~gE�:u)v gE�+ikaC]s_ gE�:]�v:�:acf gE�:u)v:am_:ac_:[��:�:jCaC]CW
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h�i�j6k8lnm�o�p��4o���l��

� wywX{���í0v��X����ì vW~�� ë���ì�ì��$z�| ëæz |�~x�C�x� z$�
���ÔvV{�~xv��X����ì ëæz ������� ëæ~ � � ���

��� º2»61;\R`6½|º�321 �
{�[�v:d�dejCb/[��:_:dea�_�h g`b:de[�f:h^jC}~g*ik\^u)v:aQb/[�]ejCaØgEvm_:jCf:v<i�_:a��Ca3_:[��Cv:}RaC�+i¨]0�:[�v:]�_:\^]eb/[�]e[��:]7_�| gEf/[�de_

h^aC]`_:[��:�:jCaC]�aC� b gE�:aCh�[E» h^aC]Ív:�:\XikjC]`]ritg*ik\^]rik\^u)v:aC]`]e[��+i�h^aC]`b:de[5°�\^�:�CaC]`_:v8tÍgE}RaCde[�v:� \^�+ikaCdede[�µ�jCaC]<_
dejCb/j4ik\Xik\^[���_��t{ gEu)v:aÆ}R[�\^]3_:aÆh�| gE�:�:jCa���aC�:]ev:\XikaÆ�:[�v:]ÍgEb:b:h^\^u)v:[��:]Øu)v g*ikdeaÆ}Rj4ik{:[�_:aC]Ø_:\�} jCdeaC�+ikaC]Í_:a
ikdkgE\XikaC}RaC�+i�_:aC]�_:[��:�:jCaC]s}~gE�:u)v gE�+ikaC]P]H�:[EitgE}R}RaC�+i¨§
� Y7g�}Rj4ik{:[�_:a�_:amh�| jCh^\^}R\^� g*ik\^[��8b gEd`h^\^]rika��
� h gS}Rj4ik{:[�_:ac_:acdeaC}Rb:h gE�CaC}RaC�+i`b gEd�h gS}R[5��aC�:�:a��
� h gS}Rj4ik{:[�_:ac_:ac]e\^}Sv:h g*ik\^[��~]ev:\X°EgE�+isv:�:ach^[�\ _:acb:de[�f gEf:\^h^\Xikj��
� h gS}Rj4ik{:[�_:ac_:a�i£��b/aGF ¿ �*�FÑr�)�xÂxÍ�F�gEh^j@g*ik[�\^deaEW

YDaC]�_:aCv���_:aCde�:\^�CdeaC]�}Rj4ik{:[�_:aC]�]e[��+i´gE]e]e[��C\^jCaC]�_�h g�ikaC�t{:�:\^u)v:am_�| \^}Rb:v<itg*ik\^[��%}Sv:hXik\^b:h^aEW
³
�t{ gEu)v:a�}Rj4ik{:[�_:aK_:aKikdkgE\XikaC}RaC�+i~�:[�v:]%v<ik\^h^\^]e[��:]Rh g¬}Rj4ik{:[�_:a6_�| aC]rik\^}~g*ik\^[��G�Ch gE]e]e\^u)v:a6_�| v:�:a
b:de[�b/[�drik\^[��Kb/[�v:ds�@gEh^�Cv:h^aCdsh^aC]sitgEv��6_:a�}R[�def:\^_:\Xikjca4iÆ_:aS}R[�dritgEh^\Xikj��:aC��¡ ���:[�v:]´�C[����eaC�4ikv:de[��:]��CaC]
itgEv��D_�h g�b/[�b:v:h g*ik\^[��~ik[EitgEh^aÆ_:v>tÍgE}RaCde[�v:��W

ÊD��� � º�`R\[5�\[5<¹�½|»632�?º�3%�µ5 \[5<¹×\[1 �R� Yf5<¹
³´b:de�C]Rg@°�[�\^dS_:\^]eb/[�]ej%aC�§b gE�:aChÍh^aC]S_:[��:�:jCaC]8_:a�]ev:\X°�\Ía4i�j4°EgEh^v g*ik\^[��¸_:v�{wa´Y�{z]¯�:[�v:]8g@°�[��:]

[�f<ikaC�)vKv:� itgEf:h^a@gEv _:a8V0nE��h^\^µ��:aC]`a4i´nH���C[�h^[��:�:aC]sg@°�aC�mv:��b/[�v:de�CaC�+itgEµ�ac_:a�°EgEh^aCv:de]�}~gE�:u)v gE�+ikaC]
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þ��L�ø¡£­§ö2�&¨ª­§¬�õR�&¤1� ôL¬�õLõ�«� *¢sôL �¢¥¤�­8�^­6 �¨e«1�2�K¡®¤<�&¨ª­§¬�õ
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jCµ+gEh^ae_
62;53o=o:

YDaC]�°EgEde\ gEf:h^aC]Ídea4ikaC�)v:aC]s_ gE�:]�h^aÆitgEf:h^a@gEv _:ach�| gE� gEhX��]ea�]e[��+i¨§
�3gEde\ gEf:h^a tØ[�_:ac_:ach�| [�f:]eaCdr°Eg*ik\^[��
as[�}Sf:dea�_�| aC��g�gE�+ik]¢¡��8gE�:]��C[��:]ev:hXikjC]`ik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] �`W �C�EW
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:aÆ�t{:aPömh^aC]`aC��g�gE�+ik]¢¡��EgE�:] �`W �Ch�W
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj��t{:aPömh^aC]�aC��g�gE�+ik]£¡��EgE�:] �`W �~g
as[�}Sf:dea�_:acb/aCde]e[��:�:aC]s_:aS��gE�:]�a4i�b:h^v:]��C[��:]ev:hXikjCaC]
ik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC]©�Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x� {�W �C�EW
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:aÆ�t{:aPömh^aC]`b/aCde]e[��:�:aC]s_:a��8gE�:]
a4isb:h^v:]r�Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x� {�W �Ch
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj��t{:aPömh^aC]�b/aCde]e[��:�:aC]s_:a���gE�:]
a4isb:h^v:]r�Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x� {�W �~g
as[�}Sf:dea�_:ac�@gE]�_:aeg,aC}R}RaC]`aC�:�CaC\^�+ikaC]s�C[��:]ev:hXikjCaC]
ik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] uØW �C�
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:aÆ�t{:aPömh^aC]�g,aC}R}RaC]`aC�:�CaC\^�+ikaC] uØW �Ch�W
as[�}Sf:dea�_:ac�@gE]�_:amb gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj��t{:aPömh^aC]\g,aC}R}RaC]`aC�:�CaC\^�+ikaC] uØW �~g
as[�}Sf:dea�_�| aC��g�gE�+ik]¢¡��8gE�:]�{:[�]eb:\XitgEh^\^]ejC]Øik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] �´�`W �C�
as[�}Sf:dea�_�| aC��g�gE�+ik]¢¡��8gE�:]�{:[�]eb:\XitgEh^\^]ejC]Íb/[�v:d`b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:a �´�`W �Ch�W
as[�}Sf:dea�_�| aC��g�gE�+ik]¢¡��8gE�:]�{:[�]eb:\XitgEh^\^]ejC]Íb/[�v:d`b gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj �´�`W �~gàW
as[�}Sf:dea�_:acb/aCde]e[��:�:aC]s_:aS��gE�:]�a4i�b:h^v:]��Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x�
{:[�]eb:\XitgEh^\^]ejCaC]Íik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] ��{�W �C�EW
as[�}Sf:dea�_:acb/aCde]e[��:�:aC]s_:aS��gE�:]�a4i�b:h^v:]��Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x�
{:[�]eb:\XitgEh^\^]ejCaC]`b/[�v:d`b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:a ��{�W �Ch�W
as[�}Sf:dea�_:acb/aCde]e[��:�:aC]s_:aS��gE�:]�a4i�b:h^v:]��Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x�
{:[�]eb:\XitgEh^\^]ejCaC]`b/[�v:d`b gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj ��{�W �~gàW
as[�}Sf:dea�_:aig,aC}R}RaC]`aC�:�CaC\^�+ikaC]s{:[�]eb:\XitgEh^\^]ejCaC]Íik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] ��uØW �C�EW
as[�}Sf:dea�_:aig,aC}R}RaC]`aC�:�CaC\^�+ikaC]s{:[�]eb:\XitgEh^\^]ejCaC]`b/[�v:d`b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:a ��uØW �Ch�W
as[�}Sf:dea�_:aig,aC}R}RaC]`aC�:�CaC\^�+ikaC]s{:[�]eb:\XitgEh^\^]ejCaC]`b/[�v:d`b gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj ��uØW �~gàW
as[�}Sf:deaÆik[EitgEh�_:ac_:jC�C�C]´�t{:aPömh^aC]`aC��g�gE�+ik]�_:am}R[�\^�:]Í_:a���gE�:]
ik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] hÆ�`W �C�EW
as[�}Sf:dea�_:ac_:jC�C�C]´�t{:aPömh^aC]`aC��g�gE�+ik]£¡ ��gE�:]�_lõKgEv b gEh^v:_:\^]e}Ra hÆ�`W b�W
as[�}Sf:dea�_:ac_:jC�C�C]´�t{:aPömh^aC]`b/aCde]e[��:�:aC]s_:a���gE�:]�a4isb:h^v:]
�Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x�Íik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] hb{�W �C�EW
as[�}Sf:dea�_:ac_:jC�C�C]´�t{:aPömh^aC]`b/aCde]e[��:�:aC]s_:a���gE�:]�a4isb:h^v:]
�Ýg,aC}R}RaC]`aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x�`_lõ�gEv�b gEh^v:_:\^]e}Ra hb{�W b�W
as[�}Sf:dea�_:ac_:jC�C�C]´�t{:aPömh^aC]�g,aC}R}RaC]`aC�:�CaC\^�+ikaC]
ik[�v<ikaC]��@gEv:]eaC]s�C[���g,[��:_:v:aC] hbuØW �C�EW
as[�}Sf:dea�_:ac_:jC�C�C]´�t{:aPömh^aC]�g,aC}R}RaC]`aC�:�CaC\^�+ikaC]s_lõKgEv b gEh^v:_:\^]e}Ra hbuØW b�W
{�[�\^_:]�_:ach gSb/[�b:v:h g*ik\^[��%_ gE�:]�h g�b:de[5°�\^�:�Ca {�[�\�W b/[�b�W
{�[�\^_:]�_:v �:[�}Sf:deac_:ac_:\^]rikde\^�4i`_:am]kgE�+ikjc_ gE�:]�h gSb:de[5°�\^�:�Ca {�[�\�W _:\^]ri@W
{Qde[5°�\^�:�Cac[�f:]eaCdr°�jCa�b/aC�:_ gE�+ish^a�}R[�\^]Í_:ak§ {QdCWoy�]CW

¾ Ï�b ÓÕÎÝÔ<c2é7�t�rÉ�ÆkÁ �FÆ�ÈC�^�t�eÁk�4�£�4�ÒÌ �t��À ��Ì�Ác�+· ÆE��ÆE�ÞÊ5�5�
`�v:\X°EgE�+iS�CaC]�°EgEde\ gEf:h^aC]P]D]eaCv:h^aC]Sh^aC]mikde[�\^]m_:aCde�:\^�CdeaC]S[��+iS_:aC]m°EgEh^aCv:de]mik[EitgEh^aC}RaC�+i�[�f:]eaCdr°�jCaC]�b gEde�Ca
u)v�| aCh^h^aC]s�:am_:jCb/aC�:_:aC�+i�b gE]s_:aC]�¡ �t{:aC]´_�| aC�:u)vl�4ikaC]CW2{�[�v:dsh^aC]sgEv<ikdeaC]s°EgEde\ gEf:h^aC]P]:�:[�v:]´g@°�[��:]´h^acitg�n
f:h^a@gEv _:aC]s[�f:]eaCdr°Eg*ik\^[��:]`]ev:\X°EgE�+i¨§
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�3gEde\ gEf:h^aC] y�[5��aC�:�:a ¢£�+ikaCdr°EgEh^h^a�\^�+ikaCdpn£u)v gEdrik\^h^a as[�}Sf:deac_:a�°EgEh^aCv:de]`}~gE�:u)v gE�+ikaC]
ù-�

1er u)v gEdrik\^h^a�� 3i�eme u)v gEdrik\^h^a2��`W �C�EW a+�Ex�� � n��Ex�����V�V�V��*¥�� �*¥
�`W �Ch�W ¥+²���� �ÁV^a�xH®��H��a<V^aK� ��a
�`W �~g V��H�*¥ � �H�*¥f��V5²H®+��� �Ex
{�W �C�EW nE��x���� � ¥+x����e�HnExE¥�¥+�K� �Ex
{�W �Ch�W �Ex+n*¥ � nEx+n*¥f�Ò®Ea<V5xK� ��a
{�W �~gàW n��*¥)n�] � � ²E¥+x�]o�e�HnE���+��]o��� �Ex�] �
uØW �C�EW V5²�x�� � ¥<a�x��HnE����²K� �Ex
uØW �Ch�W a+��VH] ® � x�²+n�] ����aH®H®�]o��� �Ex�] �
uØW �~gàW ¥�¥)��] � �ÁV�V0��]o�e�:¥�¥)n�] �K� �Ex�] �
�´�`W �C�EW V�V�V5��]o� � nk®<VH]o�e��V�V��E²�] �K� �Ex�] �
�´�`W �Ch�W ¥Õ�k®�]o� �ÁV�V�VH] ��� xH®�²�]o��� �Ex�] �
�´�`W �~g x+��a�] a � �Ex�] ��� x�²�x�]o��� �Ex�] �
��{�W �C�EW VJ®���² � x<V5x���V^a�xEaK� �Ex
��{�W �Ch�W V5xE¥�®�] ® �ÁV5x+��]o�e�S�E�H®�] �K� �Ex
��{�W �~gàW ��V�VH] ¥ � ²���]o�e�:¥)�E��] �K� �Ex�] �
��uØW �C�EW nE�H®�] x � ¥:VH]o�e�HnE²E¥l] aK� �*¥l] �
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g,[��:�4ik\^[���È �PåÕÎÜÂt�PåÕÎ À �*�Ø�~Ák�~\^}Rb:h^jC}RaC�+ikjCa8_ gE�:]�h^aRh^[�µ�\^�C\^aCh�=KWNas[�v:]Sg@°�[��:]�gEh^[�de]mh^aC]c°EgEh^aCv:de]�_:a
�
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ôL ��i�X�X�¶ô�¤{� ���C� AHA

]ev:\X°EgE�+ik]P§
¨�©�ª�«¬©�­P®°¯�± ¨�©�®°¯f²PªN³t´Pµ�«·¶¢©�®°¯¹¸P¯ � ¨�©�ª�«¬©�­P®°¯�± º'©�®°¯f²PªN³t´Pµ�«·¶¢©�®°¯»¸P¯ � ¨�©�ª�«¬©�­P®°¯�± ¨�©�®°¯f²PªN³t´Pµ�«·¶¢©�®°¯¹¸P¯ �¼ ½ ¾�¾ ¿XÀ Á�ÂXÃ Ä~½ ¾AÅ Æ
¿XÀ·Ã%Á�Ç�Á È�Ä~½ ¾ ® Æ
¿XÀ ¿�¿XÃ%É¼ ½ ¾ ® ¿XÀ ÂXÃ%É È�¼ ½ ¾�¾�½ ¿XÀ·Ã�Ã%Ê�Ç È�Ä~½ ¾AÅ ¿XÀ ¿XÃ%¿�É¼ ½ ¾AÅ Æ
¿XÀ·Ã%¿1ËtÌ È�¼ ½ ¾ ® ¿XÀ·Ã�Ã%¿�Á ÍÎ¼ ½ ¾�¾ ¿XÀ·Ã%Á�Ï+ÊÐ�½ ¾�¾ ¿XÀ Â�É�Á�Ç È�¼ ½ ¾AÅ ¿XÀ ¿�Ï+Ç�Á ÍÎ¼ ½ ´ Æ
¿XÀ ¿�¿�Ì�ÉÐ�½ ¾ ® ¿XÀ Â�Ï+Ì�Ì È�Ð�½ ¾�¾ ¿XÀ·Ã%Á�Ê�Â ÍÎÐ�½ ¾�¾ ¿XÀ ÂXÃ%Â�ÉÐ�½ ¾AÅ ¿XÀ ¿�¿�ÇXÃ È�Ð�½ ¾ ® ¿XÀ ¿�Ï+ÇXÃ ÍÎÐ�½ ´ Æ
¿XÀ ¿�Â�Á�ÇÄ~½ ¾�¾ ¿XÀ Â�Á�Â�Ç È�Ð�½ ¾AÅ ¿XÀ ¿�Á�Ï+Ç ÍÎÄ~½ ¾�¾ Æ
¿XÀ ¿�Ì�Â�ÌÄ~½ ¾ ® ¿XÀ ¿�Á�Ç�Ï È�Ä~½ ¾�¾ ¿XÀ ¿�Á�Â�É ÍÎÄ~½ ´ Æ
¿XÀ Ì1ËtÇ�Á

¾ Ï�b ÓÕÎÝÔlÙ�c�ÑÒÆE�^�~Ì�Á��xÀ/���ÝÄ�ÆE�^���)�
�

³´b:de�C]sikdkgE�:]�g,[�de}~g*ik\^[�� _:am�CaC]s°EgEde\ gEf:h^aC]�b gEdsh^ac}R[�_:�Ch^ac_:a�Z\[ G�n�t\[ G©]/�:[�v:]´gEb:b:h^\^u)v:[��:]sh^a�ikaC]ri
_:aR�:[�de}~gEh^\Xikj�_:a�`�{ gEb:\^de[�nÇfú\^hàªHW ³´\^�:]e\¯ik[�v<ikaC]m�CaC]c°EgEde\ gEf:h^aC]ÆikdkgE�:]�g,[�de}RjCaC]m]ev:\X°�aC�+i�v:�:aRh^[�\¯�:[�dpn
}~gEh^a�_ch�| a­�<�CaCb<ik\^[��~_:aC]3ikde[�\^]�_:aCde�:\^�CdeaC]Øu)v:\/]e[��+i\hb{�W bo]�hbuØW �C�´a4i�hbuØW b�W�YDaC]3°EgEh^aCv:de]3}~gE�:u)v gE�+ikaC]
_:aC]`°EgEde\ gEf:h^aC]Øu)v:\�]ev:\X°�aC�+isv:�:a�h^[�\/�:[�de}~gEh^a´]e[��+i�\^}Rb:v<ikjCaC]`gEb:de�C]ÍikdkgE�:]�g,[�de}~g*ik\^[��%\^�+°�aCde]eacb gEdÍh^aC]
u)v gE�+ik\^h^aC]c]e\^}Sv:h^jCaC]�]ev:\X°EgE�+imh g%h^[�\¯�:[�de}~gEh^aS_:a8}R[5��aC�:�:aRa4im_�| jC�@gEdri�n�i£��b/aR_:aC]c°EgEh^aCv:de]�[�f:]eaCdr°�jCaC]
_ gE�:]�h gS°EgEde\ gEf:h^a´�C[��:]e\^_:jCdejCaEW
YDaC]Æ°EgEh^aCv:de]�}~gE�:u)v gE�+ikaC]�_:aC]Æ°EgEde\ gEf:h^aC]ihb{�W bo]2hbuØW �C��a4irhbuØW bªu)v:\¯�:a�]ev:\X°�aC�+imb gE]�v:�:a�h^[�\��:[�dpn
}~gEh^as}��C}Ra´gEb:de�C]ØikdkgE�:]�g,[�de}~g*ik\^[��8b gEdØh^a´}R[�_:�Ch^a�_:aiZ\[ G�n�t\[ G�]e[��+iÍ\^}Rb:v<ikjCaC]Øb gEdØ_:aC]Ø°EgEh^aCv:de]
b:dejC_:\XikaC]�gEv�}R[5��aC�¨_:aC]%}R[�_:�Ch^aC]R_:aKdejCµ�deaC]e]e\^[���h^\^�:j@gE\^dea ]e\^}Rb:h^aEW3�Q��a~} a4i¨]Ø�CaC]~°EgEde\ gEf:h^aC]8]e[��+i
g,[�drikaC}RaC�+i%�C[�dedejCh^jCaC]%gEv���°EgEde\ gEf:h^aC]R�`W �~gp]�hb{�W �C��a4i?�´�`W �Ch´deaC]eb/aC�4ik\X°�aC}RaC�+i�]ev:\X°EgE�+i%h^aC]R°EgEh^aCv:de]
dejCaCh^h^aC}RaC�+i�[�f:]eaCdr°�jCaC]CW
¢£�C\H[��RdeaCb:deaC�:_~h g�b:de[��CjC_:v:dea�_�| \^}Rb:v<itg*ik\^[��

M = 15
g,[�\^]P]�[��R[�f<ik\^aC�+i3gEh^[�de]Qh^aC]�dejC]ev:hXitg*ik]�]ev:\X°EgE�+ik]P§

{�gEde}R\�ik[�v<ikaC]¯h^aC]��C[��:]ev:hXitg*ik\^[��:]zg�gE\XikaC]�_ gE�:]¯h^aC]�]eaCdr°�\^�CaC]Q_:aÍ]kgE�+ikjk]�h^aC]�b:de[�b/[�drik\^[��:]�_:aC]¯�C[��:]ev:h�n
itg*ik\^[��:]`h^\^jCaC]�gEv b gEh^v:_:\^]e}RaÆ]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
47;26o=o Ý Á�ÇXÀ ËtÇ~ÞiÌ1ËVÀ ËtÌ�ß 99;93o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
57;03o=o Ý Ï+ÌXÀ Ç�Á~ÞiÇ�ÉXÀ Ï�Ïtß 99;88o=o 93;76o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
41;28o=o Ý Á�¿XÀ Â�¿~ÞiÌ�ÂXÀ Á�Ç�ß 99;89o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
65;06o=o Ý ÏVËVÀ ÇXÃ?ÞiÉ�ÂXÀ Ì�¿�ß 99;49o=o 93;78o=o¾ Ï�b ÓÕÎÝÔ � cJþ ÷ � ¿ �@�)�S�)�Æ�4�ÝÄvÌ���ÆE�����*��cÒÀlÆE�ÞÌ:�E�^�~Ä~�

{�gEd��Ca4ieika }Rj4ik{:[�_:a%_:a�]e\^}Sv:h g*ik\^[��o]7h^aC]�g,aC}R}RaC]SaC�:�CaC\^�+ikaC]R]e[��+i8h^aC]Sb:h^v:]S°�v:h^�:jCdkgEf:h^aC]8gEv b gEh^v�n
_:\^]e}Rak] g@°�aC�

65;06o=o

_:aC]��@gE]s_:ac�C[��:]ev:hXitg*ik\^[���_:ac�CaCh^h^aC]pn£�C\�W �Qh^h^aC]`[��+is]ev:\X°�\^aC]`b gEd�h^aC]�aC��g�gE�+ik]�_:a
}R[�\^�:]�_:aÆ�cgE�:]Øu)v:\ °�\^aC�:�:aC�+i`g@°�aC�´v:�:asb:de[�b/[�drik\^[��R_:a

35;03o=o

_:as�Ca4ieikasikdkgE�:�t{:a´_:asb/[�b:v:h g*ik\^[���W
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h´aRik[�v<ikaC]�h^aC]m�C[��:]ev:hXitg*ik\^[��:]ch^\^jCaC]�gEv'b gEh^v:_:\^]e}Ra8a~} aC�4ikv:jCaC]S_ gE�:]�h^aC]m]eaCdr°�\^�CaC]�_:a~]kgE�+ikjk]�h^aC]
itgEv�� _:ac�CaCh^h^aC]`_:v:aC]´gEv b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:a�]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
73;55o=o Ý Ç�ÏsÀ Ì�Ï ÞiÉ�ÂXÀ Ì�Ì�ß 99;96o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
73;87o=o Ý Ç�ÁXÀ ÊXÃ?ÞiÉ�ÁXÀ É�Ïtß 99;91o=o 93;76o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
74;17o=o Ý Ç�ÏsÀ ËVÃ?ÞiÉ�ÁXÀ Ç�Á�ß 99;93o=o 93;75o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
68;34o=o Ý Ì�ÉXÀ·Ã�Ë:Þ×ËtÉXÀ Ì�¿�ß 99;92o=o 93;75o=o¾ Ï�b ÓÕÎÝÔ�Ø<cJþ ÷ � ¿ �@�)���)���4�ÝÄvÌ���ÆE�����*��cÒÀlÆE�ÞÌ:�E�^�~Ä~�©Â4���©� �FÐPÌ �

h´aÍik[�v<ikaC]Qh^aC]Q�C[��:]ev:hXitg*ik\^[��:]�h^\^jCaC]QgEv8b gEh^v:_:\^]e}Ra|g�gE\XikaC]�_ gE�:]Qh^aC]Q�CaC�+ikdeaC]�_:a`]kgE�+ikjk]+h^aC]¯b:de[�b/[�drik\^[��:]
_:ac�CaCh^h^aC]`_:v:aC]´gEv�b gEh^v:_:\^]e}RaÆ�C[���¡ de}Rj�]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø

95
o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
25;61o=o Ý Ã%ÇXÀ Ç�Â~ÞiÁ�ÏsÀ ÇXÃAß 99;95o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
26;72o=o Ý Ã�ËVÀ·Ã%Ì~ÞiÁ�ÇXÀ Â�Ê�ß 99;93o=o 93;75o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
24;02o=o Ý ÃfÏsÀ Â1Ë:ÞiÁ�ÁXÀ Ë�Ë%ß 99;91o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
30;90o=o Ý Â�¿XÀ ÏsÃ?ÞPÏsÃ�À Á�É�ß 99;90o=o 93;76o=o¾ Ï�b ÓÕÎàâ�ãEc�þ ÷ � ¿ �@�)���)���4�ÝÄvÌ���ÆE�����*��cÒÀlÆE�ÞÌ:�E�^�~Ä~��Ât�*�¨ñwÁ­Ä ÷

hÆgE�:]�h^aC]m_:aCv��'itgEf:h^a@gEv��¬�C\�n£_:aC]e]ev:]P]�h^aC]mb:de[�b/[�drik\^[��:]m_:aC]��C[��:]ev:hXitg*ik\^[��:]ch^\^jCaC]�gEv'b gEh^v:_:\^]e}Ra8�Ch^\�n
�:\^u)v:a�[�vR�C[���¡ de}Rj��:a�_:\�} �CdeaC�+i3b gE]�_:a<g�gk�C[��8]e\^µ��:\�¡ �@g*ik\X°�a`]ev:\X°EgE�+i3h^aC]¯ikdkgE�:�t{:aC]Ø_:aC]�b/[�b:v:h g*ik\^[��:]P]
]kgEv�gÆ�CaCh^h^aC]�_:aC]vg,aC}R}RaC]�aC�:�CaC\^�+ikaC]P]�u)v:\`]e[��+iRv:�§b/aCvG}R[�\^�:_:deaC]Sb/[�v:d�b gEh^v:_:\^]e}Ra%�Ch^\^�:\^u)v:ak]¯]e[�\Xi
68;34o=o

a4isv:��b/aCv�b:h^v:]`b/[�v:d`b gEh^v:_:\^]e}Ra��C[���¡ de}Rjk]:]e[�\Xi
30;90o=o

W
h´a�ik[�v<ikaC]`h^aC]`{:[�]eb:\XitgEh^\^]kg*ik\^[��:]3a~} aC�4ikv:jCaC]s_ gE�:]`h^aC]Í�CaC�+ikdeaC]s_:a�]kgE�+ikjk] �CaCh^h^aC]Íu)v:\D]e[��+i�h^\^jCaC]`gEv

b gEh^v:_:\^]e}RaÆ[��C�Cv:b/aC�+i´h^aC]`b:de[�b/[�drik\^[��:]`]ev:\X°EgE�+ikaC]P§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø

95
o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
60;58o=o Ý ÏVËVÀ Ì�¿~Þ×ËtÁXÀ Ç1Ë%ß 99;78o=o 93;76o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
66;64o=o Ý Ï+ÇXÀ ÁXÃ?ÞiÉ�ÇXÀ Ê�Ç�ß 99;25o=o 93;79o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
57;29o=o Ý Ï+¿XÀ Á�Á~Þ×Ë�ÏsÀ Â�Ì�ß 99;53o=o 93;78o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
77;11o=o Ý ÏVËVÀ·Ã%Ì~ÞiÊ�ÊXÀ ¿�Ê�ß 98;20o=o 93;86o=o

¾ Ï�b ÓÕÎàâ�Ô<cJþ ÷ � ¿ �@�)���)���4�ÝÄvÌ���ÆE�����*��c ¿ �5��À/�©�ÇÆE���^�¨ÆE�����*�:ÀlÆE�ÞÌ:�E�^�~Ä~�
¢£�C\)aC�:�C[�dea3h^aC]2g,aC}R}RaC]7aC�:�CaC\^�+ikaC]�°�\^aC�:�:aC�+i�aC�ciË�4ika3�C[�}R}RaQ_ gE�:]�h^a��@gE]�_:aC]��C[��:]ev:hXitg*ik\^[��:]CW

77;11o=o_:aC]�g,aC}R}RaC]�aC�:�CaC\^�+ikaC]´]e[��+i´h^\^jCaC]sgEvKb gEh^v:_:\^]e}RaEW:³´b:de�C]saCh^h^aC]��Ca�]e[��+i´h^aC]\g,aC}R}RaC]�_:a�}R[�\^�:]`_:aS�
gE�:]�u)v:\�°�\^aC�:�:aC�+iÆg@°�aC�mv:�:acb:de[�b/[�drik\^[���_:a

66;64o=o

W
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h´aQik[�v<ikaC]7h^aC]D{:[�]eb:\XitgEh^\^]kg*ik\^[��:]/h^\^jCaC]7gEvcb gEh^v:_:\^]e}Rak]C�CaCh^h^aC]�u)v:\+]e[��+i�_:v:aC]�gEvcb gEh^v:_:\^]e}Ra¯�Ch^\^�:\^u)v:a
[��C�Cv:b/aC�+i´h^aC]`b:de[�b/[�drik\^[��:]Í]ev:\X°EgE�+ikaC]P§
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¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
68;95o=o Ý Ì�ÊXÀ ¿1Ë:Þ×ËtÉXÀ É�Â�ß 99;93o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
63;14o=o Ý Ì�ÂXÀ ÏVË:Þ×ËtÁXÀ É�¿�ß 99;91o=o 93;76o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
72;81o=o Ý Ç�¿XÀ Ç1Ë:ÞiÉ�ÏsÀ Ê�Ì�ß 99;81o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
60;06o=o Ý Ï+ÉXÀ ÊXÃ?Þ×ËVÃ�À ÂXÃAß 99;89o=o 93;76o=o¾ Ï�b ÓÕÎàâ�âdcJþ ÷ � ¿ �@�)�S�)�Æ�4�ÝÄvÌ���ÆE�����*��c ¿ �5��À/�©�ÇÆE���^�¨ÆE�����*��ÀlÆE�ÞÌ:�E�^�~Ä~��Â4���©� �FÐPÌ �

tØa´itgEf:h^a@gEv~}R[��+ikdeasu)v:aÆh^aC]Øb/aCde]e[��:�:aC]`_:a���gE�:]Øa4iÍb:h^v:]Ø[��+iÍv:�:a�g,[�drika´b:de[�b/[�drik\^[��R_�| {:[�]eb:\XitgEh^\^]kg�n
ik\^[��:]`h^\^jCaC]�gEv b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:ak]:]e[�\Xi

72;81=o

W
h´a ik[�v<ikaC]ªh^aC]�{:[�]eb:\XitgEh^\^]kg*ik\^[��:]Kh^\^jCaC]�gEv b gEh^v:_:\^]e}Rak]´�CaCh^h^aC]�u)v:\�]e[��+i¬h^\^jCaC]�gEv b gEh^v:_:\^]e}Ra

�C[���¡ de}Rjc[��C�Cv:b/aC�+ish^aC]�b:de[�b/[�drik\^[��:]Í]ev:\X°EgE�+ikaC]P§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
31;57o=o Ý ÂXÃ�À Á1Ë:ÞPÏsÃ�À Ë�Ë%ß 99;92o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
36;39o=o Ý Â�ÌXÀ Ë�Ë:ÞPÏVËVÀ ¿�¿�ß 99;91o=o 93;76o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
27;97o=o Ý Ã%ÌXÀ Ì�Â~ÞPÏ+¿XÀ Ï+Â�ß 99;79o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
38;83o=o Ý Â�ÇXÀ Ê�Ì~ÞiÌ�¿XÀ ËVÃAß 99;85o=o 93;76o=o¾ Ï�b ÓÕÎàâÕÓgcJþ ÷ � ¿ �@�)���)���4�ÝÄvÌ���ÆE�����*��c ¿ �5��À/�©�ÇÆE���^�¨ÆE�����*�:ÀlÆE�ÞÌ:�E�^�~Ä~�©Ât�*�¨ñwÁ­Ä ÷

YDaC]s{:[�]eb:\XitgEh^\^]kg*ik\^[��:]Øh^\^jCaC]�gEv�b gEh^v:_:\^]e}Ra��C[���¡ de}Rjc]e[��+isb:h^v:]�jCh^a4°�jCaC]´�t{:aPömh^aC]\g,aC}R}RaC]`aC�:�CaC\^�+ikaC]
u)v:\+[��+i�v:��itgEv��c_:a

38;83o=o

u)v:a��t{:aPö3h^aC]Db/aCde]e[��:�:aC]�_:a3��gE�:]Da4i�b:h^v:]|�Ýg,aC}R}RaC]DaC�:�CaC\^�+ikaC]�a­�<�Ch^v:aC]x� W
h´a�ik[�v:]´h^aC]´_:jC�C�C]�aC�:deaCµ�\^]rikdejC]Æ_ gE�:]´h^aC]´]eaCdr°�\^�CaC]Æ_:aS]kgE�+ikjk] h^aC]s_:jC�C�C]�h^\^jC]´gEv6b gEh^v:_:\^]e}Rac]e[��+i

_ gE�:]�h^aC]�b:de[�b/[�drik\^[��:]Í]ev:\X°EgE�+ikaC]P§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø

95
o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
30;93o=o Ý Ã%ÊXÀ ËtÉ~ÞPÏ+ÂXÀ ¿1Ë%ß 99;87o=o 93;76o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
37;03o=o Ý Ã%ÉXÀ ÏsÃ?ÞiÌ�ÌXÀ Ç�Ì�ß 99;40o=o 93;79o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
20;91o=o Ý Ã�Ã�À ¿�Ç~ÞiÁ�¿XÀ ËtÌ�ß 99;90o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
47;01o=o Ý ÁXÃ�À Ì1Ë:ÞiÇ�ÂXÀ Ï+Ç�ß 99;64o=o 93;77o=o¾ Ï�b ÓÕÎàâ ¹ cJþ ÷ � ¿ �@�)�S�)�Æ�4�ÝÄvÌ���ÆE�����*��c¯� ÷ Â ú �c��� ÷ �©ÆkÌvÀlÆE�ÞÌ:�E�^�~Ä~�

hÆgE�:]��CaRitgEf:h^a@gEv¬[��'deaC}~gEdeu)v:a:g�gE�C\^h^aC}RaC�+imu)v:a~h^aC]eg,aC}R}RaC]maC�:�CaC\^�+ikaC]�a4i�h^aC]maC��g�gE�+ik]�_:a~}R[�\^�:]
_:a8�%gE�:]Æ]e[��+i�h^aC]Æ�C[�v:�t{:aC]ch^aC]´b:h^v:]�g�} aC�4ikjCaC]�b gEdÆh^aC]´_:jC�C�C]ch^\^jC]´gEv�b gEh^v:_:\^]e}Ra�g@°�aC�8h^aC]sitgEv��6_:a
47;01o=o

a4i
37;03o=o

deaC]eb/aC�4ik\�g,]CW
tØa4ieika�b:de[��CjC_:v:deaÆ_�| \^}Rb:v<itg*ik\^[��R}Sv:hXik\^b:h^a��:[�v:]Ø_:[��:�:aÆ_:aC]`dejC]ev:hXitg*ik]Íg@°�aC��v:�:aÆa~�R�@gE�C\Xikj´_�| aC��n

°�\^de[��
93;75o=o

a4isv:� itgEv�� _:ach�| \^��g,[�de}~g*ik\^[��R}~gE�:u)v gE�+ikac_�| aC�+°�\^de[��
99;80o=o

W
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ôL ��i�X�X�¶ô�¤{� ���C� A�9

­m(0=D������?7(0!6��ÃX��&'P�?D.5�<.0�,=/-�¦dcbc�Ý6RfeHSgS:T�Uih�Y�[j_�^fWâkm_on�WXp+Y=_o`ãkrUsUo^�pV^�Tt_XSbR�°
Y7g~b:de[�b/[�drik\^[��K_:aC]´°EgEh^aCv:de]´}~gE�:u)v gE�+ikaC]Æj4itgE�+iÆikde�C]Æµ�dkgE�:_:ak]/[����:a�b/aCv<i��C[��:]rikdev:\^dea�_:aC]Æ�CaCh�n

h^v:h^aC]m_�| gJ�ev:]rikaC}RaC�+i�_�| \^}Rb:v<itg*ik\^[���WD�Q� a~} a4i¨]�h^aRde\^]eu)v:a~\^�C\3aC]riSu)v�| aC� �C[��:]rikdev:\^]SgE�+iS_:aC]S�CaCh^h^v:h^aC]
_�| gJ�ev:]rikaC}RaC�+i¨]H[���]eamdea4ikde[�v<°�a�g@°�aC��_:aC]sµ�de[�v:b/aC]�_ gE�:]�h^aC]eu)v:aCh^]s�CaCdritgE\^�:aC]`°EgEde\ gEf:h^aC]`��| [��+i´gEv:�Cv:�
dejCb/[��:_ gE�+i@W<³´\^�:]e\ [��%�C[��:]e\^_:�CdeaÆu)v:aÆik[�v<ikaC]Íh^aC]Øv:�:\XikjC]Í]e[��+i`_ gE��v:�:aÆ}��C}Ra´�CaCh^h^v:h^as_�| gJ�ev:]rikaC}RaC�+i
_�| \^}Rb:v<itg*ik\^[��%a4is[��KgEb:b:h^\^u)v:aÆh g�b:de[��CjC_:v:deac_:a�i£��b/a :4{:[Ei�n£_:aC�xªø:cgEh^j@g*ik[�\^deaEW
as[�v:]sg@°�[��:]sh^aC]`dejC]ev:hXitg*ik]�]ev:\X°EgE�+ik]sg@°�aC�mh^a��:[�}Sf:dea�_�| \^}Rb:v<itg*ik\^[��:]

M = 15
§

{�gEde}R\Hik[�v<ikaC]Íh^aC]Ø�C[��:]ev:hXitg*ik\^[��:]wg�gE\XikaC]3_ gE�:]Íh^aC]Ø]eaCdr°�\^�CaC]`_:a´]kgE�+ikjk]<h^aC]Øb:de[�b/[�drik\^[��:]3_:aC]`�C[��:]ev:hXitg�n
ik\^[��:]`h^\^jCaC]�gEv b gEh^v:_:\^]e}RaÆ]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
52;94o=o Ý Ï+ÂXÀ·Ã�Ë:ÞiÇ�ÁXÀ Ët¿�ß 99;91o=o 93;75o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
66;36o=o Ý Ì�ÁXÀ ¿�Á~Þ×ËtÊXÀ Ç1Ë%ß 99;76o=o 93;76o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
45;28o=o Ý Á�ÁXÀ Ï+Ì~ÞiÌ1ËVÀ·Ã�ÃAß 99;86o=o 93;76o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
69;73o=o Ý Ì�ÊXÀ·Ã%¿~ÞiÉ�¿XÀ Á�Ç�ß 99;89o=o 93;76o=o¾ Ï�b ÓÕÎàâ � c2ç�Ák�JÂ ÷ �kÌ�Ák� Ï�b�b cÒÀlÆE�ÞÌ:�E�^�~Ä~�

{�gEd´�Ca4ieikaS}Rj4ik{:[�_:ak]Hh^aC]�g,aC}R}RaC]saC�:�CaC\^�+ikaC]�a4iÆh^aC]saC��g�gE�+ik]Æ_:a�}R[�\^�:]s_:a��~gE�:]´]ea�_:\^]rik\^�:µ�v:aC�+iÆ]e\�n
µ��:\�¡ �@g*ik\X°�aC}RaC�+i3_:aC]Øb/aCde]e[��:�:aC]Ø_:a��cgE�:]3a4iØb:h^v:]b�Ýg,aC}R}RaC]�aC�:�CaC\^�+ikaC]Øa­�<�Ch^v:aC]x� WltØaC]Ø_:aCv��~�C[�v:�t{:aC]
_:amb/[�b:v:h g*ik\^[���[��+ish^aC]�b:de[�b/[�drik\^[��:]`deaC]eb/aC�4ik\X°�aC]´_:a

69;73o=o

a4i
66;36o=o

_:aC]s�C[��:]ev:hXitg*ik\^[��:]`h^\^jCaC]
gEv�b gEh^v:_:\^]e}RaEW
h´aSik[�v<ikaC]Æh^aC]´�C[��:]ev:hXitg*ik\^[��:]sh^\^jCaC]ÆgEv6b gEh^v:_:\^]e}Raeg�gE\XikaC]´_ gE�:]Æh^aC]´]eaCdr°�\^�CaC]�_:aS]kgE�+ikjk] h^aC]sitgEv��

_:ac�CaCh^h^aC]`h^\^jCaC]�gEv�b gEh^v:_:\^]e}RaÆ�Ch^\^�:\^u)v:aÆ]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
74;22o=o Ý Ç�ÇXÀ ¿�Ê~ÞiÉ�ÂXÀ Á�Ì�ß 99;99o=o 96;15o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
74;09o=o Ý Ç�ÌXÀ Á�Ç~ÞiÉ�ÂXÀ ÉXÃAß 99;96o=o 96;16o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
75;06o=o Ý Ç�ÇXÀ ËtÌ~ÞiÉ�ÁXÀ Á1Ë%ß 99;98o=o 96;15o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
68;92o=o Ý Ì�ÊXÀ ËtÊ~Þ×ËtÉXÀ ¿�Ïtß 99;96o=o 96;16o=o¾ Ï�b ÓÕÎàâ�ÚEc2ç�Ák�JÂt�k�kÌ�Ák� Ï�b�b cÒÀlÆE�ÞÌ:�E�^�~Ä~�©Â4���©� �FÐPÌ �

YDa6itgEf:h^a@gEv��C\�n£_:aC]e]ev:] }R[��+ikdea6u)v�| gEvú}R[�\^�:]
74o=o

_:a��C[��:]ev:hXitg*ik\^[��:]~h^\^jCaC]�gEv¨b gEh^v:_:\^]e}RaK]e[��+i
g�gE\XikaC]cb/[�v:dch^a�b gEh^v:_:\^]e}Ra��Ch^\^�:\^u)v:a��t{:aPö~h^aC]c_:\�} jCdeaC�+ikaC]cikdkgE�:�t{:aC]�_:a8h g�b/[�b:v:h g*ik\^[���Wo{�gEdm�C[��+ikdea
h^aC]\g,aC}R}RaC]`aC�:�CaC\^�+ikaC]s[��+i�v:��b/[�v:de�CaC�+itgEµ�ac_:a

68;92o=o

W
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ôL ��i�X�X�¶ô�¤{� ���C� A N

h´a�ik[�v<ikaC]Sh^aC]S�C[��:]ev:hXitg*ik\^[��:]Sh^\^jCaC]SgEv§b gEh^v:_:\^]e}RaRa~} aC�4ikv:jCaC]R_ gE�:]�h^aC]S�CaC�+ikdeaC]8_:a�]kgE�+ikjk]¯h^aC]
b:de[�b/[�drik\^[��:]`_:ac�CaCh^h^aC]`h^\^jCaC]�gEv b gEh^v:_:\^]e}RaÆ�C[���¡ de}Rjc]e[��+i¨§
´a³t´P²P®¬©�µ�«°³tÒ ¾ «·­P®°¯ ´Pª�³t´a³tª�µ�«°³tÒ ÓJÒ+µ�¯fª�¨�©�®·®°¯¹¸P¯ µ=©�²XÔb¸P¯ ®FÕ «·Ò Å ³tª Æ¾ ³tÒXÖ×©�Ò ¾ ¯)Ø
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o=o

¶¢©�µ�«°³tÒÙ¶¢©�ÒsÚ+²i©�Ò+µ�¯ ¯AÛ ¾ © ¾ «·µ�Ü¾ ©t±�µ�³tµ=©�®
25;19o=o Ý Ã�ËVÀ·Ã%É~ÞiÁ�ÁXÀ·Ã%Ê�ß 99;99o=o 96;15o=o¾ ©t± ¸P¯�± ¯fÒ Å ©�Ò+µ�±N¸P¯ ¶£³t«·Òs± ¸P¯ Ì ©�Òs±
26;38o=o Ý Ã�ËVÀ ÏVË:ÞiÁ�ÌXÀ Â�Ê�ß 99;96o=o 96;16o=o¾ ©t± ¸P¯�±�´a¯fª�±�³tÒPÒs¯�±N¸P¯ Ì ©�Òs± ¯fµ�´P®·²s±à Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±N¯AÔ ¾ ®·²s¯�±Aá
23;64o=o Ý Ã%ÌXÀ Ç�¿~ÞiÁXÃ�À Ç�É�ß 99;98o=o 96;15o=o¾ ©t± ¸P¯�± Å ¯f¶�¶£¯�±N¯fÒ ¾ ¯f«·Ò+µ�¯�±
30;76o=o Ý ÂXÃ�À Ì�Â~ÞiÁ�ÊXÀ Ê�Ê�ß 99;96o=o 96;16o=o¾ Ï�b ÓÕÎàâSÙ�c2ç�Ák�JÂt�k�kÌ�Ák� Ï�b�b cÒÀlÆE�ÞÌ:�E�^�~Ä~�©Ât�*�¨ñwÁ­Ä ÷

¢£�C\
30;76o=o

_:aC]Æ�C[��:]ev:hXitg*ik\^[��:]�h^\^jCaC]´gEv6b gEh^v:_:\^]e}Rac�t{:aPöSh^aC]<g,aC}R}RaC]saC�:�CaC\^�+ikaC]Æ]e[��+i�g�gE\XikaC]sb/[�v:d
b gEh^v:_:\^]e}RaÍ�C[���¡ de}RjEW�tØa`itgEv��8aC]ri3v:�Rb/aCvR}R[�\^�:_:deaÍ�t{:aPösh^aC]Qb/aCde]e[��:�:aC]3_:a´��gE�:]�a4i3b:h^v:]��Ýg,aC}R}RaC]
aC�:�CaC\^�+ikaC]sa­�<�Ch^v:aC]x� W
{�gEde}R\`h^aC]R{:[�]eb:\XitgEh^\^]kg*ik\^[��:]�a~} aC�4ikv:jCaC]%_ gE�:]Rh^aC]8�CaC�+ikdeaC]~_:a�]kgE�+ikjk]��CaCh^h^aC]8u)v:\�]e[��+i~h^\^jCaC]RgEv

b gEh^v:_:\^]e}RaÆ[��C�Cv:b/aC�+i´h^aC]`b:de[�b/[�drik\^[��:]`]ev:\X°EgE�+ikaC]P§
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